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This documert de nes an extensionto Featherweight Java (FJ) [4] that formalizesour approac
to modularly typesafeinterface dispatch in JPred [5]. To this end, we augmert FJ to include
interfaces,and we allow methods to have JPred-style whenclauses.To make it easierto nd all the
methods in the same\method family,” the syntax groups all methods of the samename in eah
classas a single declaration. The order of ead method implementation is still irrelevant.

1 Syntax
TD := class Cextends Cimplements | fTf KM
j interface | extends T fMH
K = C(Tf) fsuper(f); this. f =1, g
M = Tm( X) whenP freturn f g
MH = T m(T X);
PQR 1= true j x@Tj :PjPPj PP
STU == Cjl
t = xjtf jtm(t) jnewC(E) j (T) t
v = newC(V)

Figure 1: The syntax of FJPred.

Figure 1 givesthe syntax of FJPred. It augmerts FJ to have interfacesand to support method
predicates. For uniformity, all methods have a predicate; a method with the predicate true hasthe
samesemaurics asaregular Java method. Predicatesinclude typetests onformals and conjunctions,
disjunctions, and negationsof suc tests. JPred supports several other kinds of predicates,including
type tests on elds and linear arithmetic, but these constructs do not interact in interesting ways
with interface dispatch, which is the focus of our formalization.

Tednically, to be a legal Java program any classthat implemens someinterface must make
the implementations of the assaiated methods public . We assumethat all methods are implicitly
declared public in FJPred.

We have analogousnotational corvertions and sanity conditions to thosein FJ, namely:

The metavariables C D and E range over classnames,| and J over interface names,f and g
over eld names,mand n method names,x and y over parameter names,s and t over term
names,u and v over value names.



We assumethat this is a special variable namethat is never usedasthe nameof an argumert
to a method.

We use the D shorthand as a sequenceof elemers from domain D, using the appropriate
separator for ead domain. We sometimestreat a sequenceas a set. The empty sequences
denoted .

We also extend this shorthand asin Featherweight Java to larger syntactic fragmerts (e.g., T
f). A new shorthand of this form is T m(T X) whenP freturn f; g, which abbreviatesthe
following method declaration:

T m(Ty Xq, Th Xn)
whenP; freturn tq;g

when Py, freturn tn;g

We assumethat a class's elds have distinct namesfrom one another and from inherited
elds. We also assumethat the methods declaredin a classor interface have distinct names
from one another (but not necessarilyfrom inherited methods). Finally, we assumethat a
method's formal namesare distinct.

A typetable TT is a mapping from type (classor interface) namesto their declarations. We
sometimesconsidera type table as a sequenceof pairs, denoted (T, TD . A program is a pair
of a type table and a term. The rules assumea xed global typetable TT; it is sometimes
shadaved by an explicit type table in the context of a few judgments.

Every type table TT is assumedto satisfy a few conditions. First, TT(Q = class C:::
for every C2 dom(TT) and TT(l) = interface | ::: for every | 2 dom(TT). Second,
Object 62dom(TT). Third, every type name except Object that appearsanywherein TT is
in dom(TT). Finally, there are no nontrivial cyclesin the subtyping relation inducedby TT;
this relation is de ned next.

2 Subtyping

The subtyping relation amongtypesis standard and is de ned by the following rules:

TT® T1<T>

TT  T<T (S-Ref)
TT ® T<T TT ® Ta<T

- 3\ 2 (S-Trans )

TT  Ti<T>o

TT(Q = class C extends D :::

N (S-CExt )

TT ® C<:D

TT(O = class C extends D implements T :::

N (S-Clmp)

TT ° C<i;

TT(l) = interfface | extends [ :::

N (S-IExt )

TT © Il



3 Evaluating and Reasoning Ab out Predicates

These rules formalize the evaluation of predicates, and they also formalize the ways in which
the automatic theorem prover statically reasonsabout predicates. The rst judgment below is
straightforward and represerts predicate evaluation. As usual, a type environment is a mapping

from variablesto types,written X: T.

TT; F true (P-Tr ue)
x:D 2 TT ® D<T
. (P-Spec)
TT; F x@T
TT; i P
JL 9P (P-Not )
TT; F:P
TT; EP TT; EP
FFrR . F (P-And )
TT; F P]_A P2
TT; EP
# (P-Or1 )
TT, FP_P
TT; F P
PR (P-Or2 )
T, F P_P

It is beyond the scope of this formalization, and would be quite dicult, to formally model
the ways in which an automatic theorem prover manipulates predicates in order to prove them
valid. Instead, we formalize the consequencef such manipulation by providing a formal notion of
predicate validity. This is represettied by the judgment X i P, de ned below.

The function restrict(TT;P) is usedin the formalization of validity and is de ned below. It
createsa type table that only includestypesmertioned in P and supertypesof thesetypes. In the
JPred implemertation, it is only thesetypesthat the theorem prover is given axioms about. If the
predicate is proven given only these axioms, the consequences that the predicate will evaluate to
true in any program that includes thesetypes, for any possibleactual argumerts. That property
is formalized in the rule below by the quanti cation over all TT%and all D

An important point about the useof restrict is that it makesthe predicate reasoningmodular:
the theorem prover is only given information about typesthat are mentioned in the given predicate
or are depended upon by suc types. In particular, the theorem prover does not have accessto
all subtypesof a particular type mentioned in the predicate. And more to the point, the theorem
prover therefore must always assumethat a pair of interfaces(or one interface and one class)could
have a commonsubtype. As a result, the notion of validity is stronger than it otherwise would be,
applying to all possibleprograms that include the accessibletypes, rather than just the program
TT.



forall TTO restrict(TT;P),
forall D dom(TT9 of the samelength asX,

TTOX:DF P (Valid )
XF P
‘restrict(TT; P) = TTO‘
nesdedTyped(P) = T (Restrict )

restrict(TT;P) = (T, TT(T))

Below we usea form of comprehensionto simplify rules. The notation [A] condition] denotesa
sequenceof all elemens A such that the assaiated condition holds.

neededTypes(P) = T

neededTypeqtrue ) =

T=[TjTT  S<T]
neededType(x@%= T

neededTyped: P) = neededTypeqP)

neededTypegP;) = S neededTypegP;) = T
neededTypegP1"P,) = S, T

neededTypegP;) = S neededTypeqP,) = T
neededTypes(Pl_Pg) = S,T

4 Dynamic Semantics

The evaluation rules are identical to those of FJ, except that they user our slightly modied
syntax (e.g., the useof typesinstead of classes)and they use predicate dispatch for the invocation
semairtics.

t; ! t,
eIdsEC) =T (E-Pr ojNew )
(new C(W)).f ; ! v
U= newD(:::) mbody(mGCD) = (X;to) (E-InvkNew )

(new C(V))m(u) ! [x 7! U, this 7! newC(V)]to

TT ~ C<T

(E-CastNew )
(Mmew C(WV)) ! new C(V)

t1 ! to

_ E-Field
ti.f 1 tof ( )



ty ! to
ti.m(t) ! tom(l)
t1 ! to
vm(v,t 1,3) ! v.m(v,t 5, 3)
t1 ! to

newC(v,t 1,5) ! newC(Vt »73)

t1 ! to
Mt ! (M2

(E-Invk-Recv )

(E-Invk-Ar q)

(E-New-Ar Q)

(E-Cast )

Theserulesrely on the following auxiliary rules, which are again similar to those of FJ exceptfor
the addition of predicate dispatch (via the mbody function). In the rule de ning the overridesIfAp-
plicable function, P;= P, holds if the two predicatesrefer to the sametextual predicate declaration

from the program. The notation P; P, denotesthat P; P, and P26 xP;.

The rules implement the semariics analogousto so-called\encapsulated” multimetho ds [2, 1].
Namely, all methods in a classare consideredto be more speci ¢ than inherited methods from
superclasses Another popular sematrtics is the so-called\symmetric” style [3], in which the receiver
dispatch is not treated specially from the rest of the predicate. It would be a minor change of the
rules to usethis semartics, and it would not a ect any of our results.

elds(Q=TTf

mbody(mCD) = (X,t)

elds (Object) =
TT(O = class C extends D implements I fT f; K My
elds(D=Sg
elds(Q=Sg, TT
TT(Q = class Cextends E implements T fTf KM

TT;X:DE P

S m@E X) whenP freturn ;92 M

overrideslfApplicablgP;; P; X; D)

mbody(mCD) = (X;t;)

TT(O = class C extends E implements I fT f; K My

S m@E X) whenP freturn ;92 M
there is no P, such that TT;x: DF P,

mbody(m C D) = mbody(mE D)

TT(Q = class C extends E implements T fT f;

mis not de ned in M

K

My

mbody(m G D) = mbody(mE; D)

overrideslfApplicablgP.,P>,X,0

(F-Obj )

(F-Cls )

(MBod y1)

(MBod y2)

(MBod y3)



PL xP

P6P, and TT;X: DF P, implies P, ¢P»
overrideslfApplicable(Py; P;; X; D)

We useP;) P, to denotethe predicate: P;_Ps.

XF P1) P
PL xP

5 Static Semantics

(OverApp )

(MoreSpecific )

The rules for the static semartics make useof the elds auxiliary function de ned for the dynamic

semartics above.

The rules for typededking terms are identical to those of FJ except for the slight update in

syntax.

X:T 2
Tx:T

“t:C elds(Q=TTf
Ttf T

Ttg:To mtype(mTo) = T T
“T:S TT < T

Ttom(t) T
elds(Q=TTfF TS TT N S<T
“newC() : C

“t:S TT ®° S<T
Mt T

“t:S TT ° T<:S T6 S
Mt T

“t:S TT S8BT TT T8:S
stupid warning
Mt T

(T-Var)

(T-Field )

(T-Invk )

(T-New )

(T-UCast )

(T-DCast )

(T-SCast )

Theserules rely on the following auxiliary rules for mtype, which extend the rules usedin FJ to
allow for getting the type of a method from an interface. Note that the rules allow a method's type
to be nondeterministically found by looking in any superinterface of an interface. Other rules will
ensurethat all theseinterfacesagreeon the type of eady method namethat they have in common.
Note also that we need not seart the superinterfacesof a class, since other rules will guarantee

that the classdeclaresor inherits at least one implemenrtation of the method.
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mtype(mTo) = T!' T

TT(O = class Cextends D implements T fTf KM
S m@E X) whenP freturn ;92 M

— MType-C1
mype(mO = § S (MType-CL)
TT(O = class Cextends D implements T fTf KM
misnot dened in M mt =9 S
_ype(mD) (MType-C2 )
mtype(mQ = 3 S
TT(l) = interfface | extends I fMHd
S m(@S X); 2 MH
— (MType-I1 )
mtype(ml) =3 S
TT(l) = interfface | extends [ fMHd
mis not de ned in MH  mt l1)=9 S
ype(m1 ) (MType-12 )

mtype(ml) =S S

Next we have rules for typededing predicates. Theserules ensurethat only variablesin scope
(i.e., the method's formal parameters) are referred to.

X true OK (P-Tr ue)
X2 X
R — (P-Test )
X X@SOK
X P OK
_ (P-Not )
X :POK
X" P; OK X" P, OK
— (P-And )
X Pi"P, OK
X" P; OK X" P, OK
(P-Or )

X" P. P, OK

Next we have rules for typededking methods. These rules augmert the rule for typededing
methods in FJ to typeded predicatesand to ensurethat a class'smethods have the sametype
signatures as those of the samenamethat it inherits from interfaces.

Notice that we typedied the body of a method using the declaredstatic typesof the formals.
It would be safeto sometimesnarrow thesetypesbasedon the typetestsin the method's predicate.
The full JPred languagedoesso, but we have elided it for simplicity.



X POK x:T,¢thissC " t:S TT ° S<T
unambiguougP;; P, X;P)  unambiguougP,; P, X; P)

_ — : (T-Meth )
T m( X) whenP freturn ;g OKin C

The rules for typediedking methods rely ,@n the following rule, which implements pairwise am-
biguitywheddng of methods. The notation P denotesthe disjunction of all predicatesin P. We
de ne as the predicate : true . The rule rst ensuresthat the two given predicates are not
equivalent unlessthey are the sametextual predicate. Finally, the rule requires that whenewer
both predicatesare satis ed, then at least one predicate that is more speci ¢ than both of them is
also satis ed.

There are two common casesof this last requiremert that are worth noting. First, if Py is
strictly more speci ¢ than P,, then Py is always satis ed wheneer both are, so the methods are
unambiguous (and similarly for the symmetric case). Second,if P, and P, are disjoint, meaning
that they cannot be simultaneously true, then the requiremert holds vacuously

unambiguougP;; P;; X; P)

PL gPandP, ¢Pimplies P, = P,
Q=[PjP2PandP yxPygndP P
XF (P"P)) Q
unambiguougP;; P;; X; P)

(Unamb)

Finally we presern the rules for typedteding classesand interfaces. The rule for classesis as
in FJ, with the addition of exhaustivenesscheding for all methods that should be implemented or
inherited by the class.

K=C(Sg, Tf) fsuper(g); this. f =T;g
elds(D=Sg MOKin C
allMethodNamegQ = m
override(m O exhaustivém O

. — — (T-Class )
class C extends D implements I fT f; KM OK

allMethodNameg!l) = m  override(m1)

- — (T-Int )
interface | extends | fMlg OK

Theserules nd all method namesin a given classand all supertypes.

allMethodNamegT) = r—n\

TT(O = class Cextends D implements T fTf KM
mname(M = m  allMethodNamegD) = mp
allMethodNamegl 1) = M allMethodNameg! ,) = my

(MNames-Cls )

TT(l) = interfface | extends [ fMHd
mname(MBl = m

allMethodNameg]! ;) = allMethodNameg]1 ,) =
1) = M )= ™ (MNames-Int )




override(mT)

TT(O = class C extends D implements I fT f; K My

mtype(mQ =9 S mformals(mQ = X
override(mD S S;X) override(ml; S

- (Over-Cls )
override(m QO
TT(l) = interfface | extends | fMid
mtype(ml) =39 S  override(ml;3 S
(Over-Int )

override(m1)

The aboverulesrely on the following rule, which is analogousto the onefrom FJ but additionally
requires method implementations to have the sameformal parameter namesas the method imple-
mentations they override. The condition simpli es the rules for exhaustivenesscheding. Interface
methods are not required to obey this condition, sothey have a separaterule de ned subsequetly.

override(mCT! Top;X)

mtype(mQO = S & impliesS= Tand = Ty
mformals(mQC) = y impliesX =y

override(mCT!' Top;X)

(T-OverCls )

override(m!; T! To)

mtype(ml) =39 S impliesS= Tand S = Ty
override(m!; T! Top)

(T-O verint )

‘ mformals(mT) = Y‘

TT(Q = class C extends D implements IfTf KM
S mES X) whenP freturn t;92 M

mformals(mQ = X

(MF ormalsl )

TT(O = class C extends D implements I fTf, KM
mis not de ned in M mformals(mD) = X

mformals(mQ = X

(MF ormals2 )

‘ exhaustivémQO ‘

A method implemenrtation is exhaustive if the disjunction of all predicatesis valid.

5 W_
mpredsmQ =P mformalsimQ =x X P

- (T-Exha ust)
exhaustivém O

mpreds(mC) = P




This judgmernt is usedto collect up all the predicatesin implementations of a given method.
mpreds(m Object ) = (MPredsl )

TT(O = class Cextends D implements I fT f; KMy
S m@ X) whenP freturn ;g2 M
mpreds(mD) = Q

mpreds(mQ = P,0 (MPredsz )

e = 1
mnamgT mT X) )= m (MName-Cls )

‘mname(MI-)I = m\
mname(T m(T X): ) = m (MName-Int )

6 Type Soundness

We prove type soundnesdn the standard \progress and presenation” style. Presenation is pretty
much standard; progress must reason about exhaustivenessand ambiguity cheding in order to
show that method lookup always succeedsat run time.

Analogous with FJ, we assumethat TD OKholds for ead type declaration TDin the range of
TT.
6.1 Type Preserv ation

Lemma 6.1 If TT ® T<:C, then T is a class.
Pro of By induction on the depth of the derivation of TT * T<:C. Caseanalysisof the last rule in
the derivation.

CaseS-Ref : Then T = Cand the result follows.

CaseS-Trans : Then TT ~ T<:Toand TT ~ Tp<:C. By induction Ty is a class,and by induc-
tion againsois T.

CaseS-CExt : Then we are given that T is a class.
CaseS-Clmp: Then Cis an interface, contradicting our initial assumption.

CaseS-IExt : Then Cis an interface, cortradicting our initial assumption.

Lemma 6.2 If TT ® D<:Cand elds(Q = T f, then elds(Q elds(D.
Pro of By induction on the depth of the derivation of TT °~ D<:C Caseanalysis of the last rule in
the derivation.

CaseS-Ref : Then D= Cand the result follows.
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CaseS-Trans : Then TT " D<:Tand TT ~ T<:C. By Lemma 6.1 we have that T is someclass
E. Then by induction we have elds(Q elds(E), and by induction again we have elds(E)
elds(D. Then by transitivit y of  the result follows.

CaseS-CExt : Then TT(D = class D extends C implements I fSg; ... g. By F-Cls
we have elds(D = T f, S g, sothe result follows.

CaseS-Clmp: Then Cis an interface, contradicting our initial assumption.

CaseS-IExt : Then Cis an interface, cortradicting our initial assumption.

Lemma 6.3 If mtype(mT) = S Sand allMethodNamegT) = m then m2 m
Pro of By induction on the depth of the derivation of mtype(mT) = S S. Caseanalysisof the last
rule in the derivation.

Case MType-C1 . Then T is a «cass C and TT(Q =
class Cextends D implements T fTf; KMy and S m@S x) whenP freturn f g
2 M Since allMethodNamegT) = m by MNames-Cls we have mnamegM)  m and by
MName-Cls that meansm2 m

Case MType-C2 . Then T is a «cass C and TT(Q =
class C extends D implements T fT f; KM and mtype(mD = S S By T-Class
we have that allMethodNamegD) = mg, so by induction we have m2 my. Then by
MNames-Cls alsom2 m

CaseMType-I1 . Then Tis aninterfacel and TT(l) = interface | extends | fMlMg and
S m(S X); 2 MH SinceallMethodNamegT) = m by MNames-Int we have mnamegMBH m
and by MName-Int that meansm2 m

CaseMType-I2 . Then Tis aninterfacel and TT(l) = interface | extends | fMlMg and
mtype(mlij) = S S By T-Int we have that allMethodNamegl i) = mg, so by induction we
have m2 m. Then by MNames-Int alsom2 m

Lemma 6.4 If TT  Sk:S and mtype(mS) = T!' T, then mtype(mS9 = T!' T.
Pro of By induction on the depth of the derivation of TT ° S%:S. Caseanalysis of the last rule
in the derivation.

CaseS-Ref : Then = Sand the result follows.

CaseS-Trans : Then TT * Sk:Sp and TT * $<:S. By induction we have mtype(mSy) =
T! T, and by induction again we have mtype(ms9 = T! T.

CaseS-CExt : Then Sis a classCand Sis a classDand TT(Q = class C extends D
implements T f g. By T-Class we have allMethodNamegC = mand allMethodNamegD)
= M. Then by Lemma 6.3 we have m2 my, and by MNames-Cls alsom2 m Then
by T-Class we have override(mCQ), so by Over-Cls we have mtype(mQ = S S and
override(mD S $;X). Finally, by T-OverCls we have that T= Sand T = S, so the
result follows.
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CaseS-Clmp: Then SLis a classCand Sis an interfacel; and TT(Q = class C extends D
implements T f g. By T-Class we have allMethodNamegC) = m and by T-Int we have
allMethodNamegl i) = my. Then by Lemma 6.3 we have m2 my, and by MNames-Cls alsom
2 m Then by T-Class we have override(mC), soby Over-Cls we have mtype(mQ = S S
and override(m| ;S ). Finally, by T-Overint we havethat T= Sand T = S, sothe
result follows.

Case S-IExt : Then S° is an interface | and S is an interface |; and TT(l) =
interface | extends implements I f g. By T-Int wehaveallMethodNamegl ) = mand
allMethodNamegl i) = my. Then by Lemma 6.3 we have m2 my, and by MNames-Int also
m2 m Then by T-Int we have override(ml ), soby Over-Int we have mtype(ml) =S S
and override(m| ;S ). Finally, by T-Overint we havethat T= Sand T = S, sothe
result follows.

Lemma 6.5 (Substitution) If ,x:T t:Tand "~ 5:SandTT &:T,then " [xX 7! 5]t :S
for someTT °~ S<:T.

Pro of By induction on the depth of the derivation of ,X: T" t : T. Caseanalysisof the last rule
in the derivation.

CaseT-Var: Thent hasthe form x and xT 2 ,xX T. If x 62X then we have xT 2 , so
by T-Var wehave °~ x:T. Sincex 62X, we have [X 7! 5]x = X, and by S-Ref we know
TT ° T<:T, sothe result follows. On the other hand, if x 2 X then x hasthe form x; and T =
Tiand [X 7! S]x = sj. We'regiventhat "~ sj:§ and TT ° §<:Tj, sothe result follows.

CaseT-Field : Then t hasthe form s.f ; and T hasthe foom Yy and ,X: T s : Cand
elds(Q = Uf. By induction wehave ~ [X 7! 5]s : G and TT ~ G<:C. By Lemma 6.2
we have elds (O elds(G), soby T-Field also ~ [x 7! 5]s.f ;: T, and by S-Ref we
have TT ~ T,<T;.

CaseT-Invk : Thent hasthe form tg.m(f) and ,X: T  to: Tg and mtype(m,Tp) = U T
and ,x:T" T : W and TT  <:U By induction we have  [X 7! S]t o : T and
TT  Ti<:To. By Lemma 6.4 we have mtype(m,T3) = U T. Also by induction we have

C[x 70 s]T:WBand TT ® Y<: . Then by S-Trans wehave TT ~ §<: U Soby T-Invk
wehave ~ [X 7! 3]t o.m(Y) : T, and by S-Ref wehave TT = T<:T.

CaseT-New : Thent hasthe form new C(f) andT= Cand elds(Q=Ufand ,xxT T :
and TT > h<:U By induction we have = [x 7! 5]T : B and TT " B<:Th. Then by
S-Trans we have TT ° @<:U Soby T-New wehave °~ [X 7! 3lnew C(t) : C and by
S-Ref wehave TT ° C<:C

CaseT-UCast : Then t hasthe form (T)t g and ,X:T  tg: Toand TT = To<:T. By
induction we have ~ [X 7! S]t o: Tdand TT ~ T3<:To. By S-Trans alsoTT ~ Ti<:T, so
by T-UCast wehave ~ [X 7! 5](T)t o:T. Finally, by S-Ref wehave TT = T<:T.

CaseT-DCast : Thent hasthe form (T)t gand ,X:T to:Toand TT * T<Toand T 6
To. By induction we have =~ [X 7! Slt o: T3 and TT * T9<:To. If TT  TI<:T, then by
T-UCast wehave ° [X 7! S](T)t o:T. Otherwiseif TT ~ T<:TJ, then by T-DCast we
have * [X 7! S](T)t o:T. Otherwisewehave TT * T9&:T and TT * T&:TJ, soby T-SCast

we have ~ [X 7! 5](T)t o : T and a stupid warning is generated. Finally, by S-Ref we
have TT ~ T<T.
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Case T-SCast : Then t hasthe form (T)t g and ,X:T ~ to : Top and TT * Tp8:T and

TT " T8:To. By induction we have =~ [X 7! Slt o: T and TT ~ T<:To. If TT ™~ TI<:T,

then by T-UCast we have =~ [X 7! S|(T)t o : T. Otherwise if TT * T<:T§, then by

S-Trans wehave TT ~ T<:Tg, which contradicts the factthat TT ~ T8:T g, soit is not possible

that TT ® T<:T8. Otherwise we have TT * T38:T and TT * T8:T{, soby T-SCast we have
T[x 7V S|(Tt o T. Finally, by S-Ref wehave TT ~ T<:T.

Lemma 6.6 (Wealening) If "~ t :Tandx 62dom(), then xS ~t:T.
Pro of By induction on the depth of the derivation of ~ t : T. Caseanalysis of the last rule in
the derivation.

CaseT-Var: Thent hasthe formy andy:T 2 . Sincex 62dom(), we havethat x 6 y, so
alsoy:T 2 x:S. Thereforeby T-Var wehave xS " y:T

CaseT-Field : Thent hasthe form s.f  and T hasthe form T and ~ s :Cand elds(Q
= T f. By induction we have x:S ~ s:C soby T-Field also xS ~ s.f:T.

CaseT-Invk : Then t hasthe form tg.m(f) and ~ tg: Tp and mtype(m,To) = T! T and
"T:Sand TT ° &:T. By induction we have xS "~ tg:Tpand xS ~ T :S sobhy
T-Invk also x:S ~ to.m(t) : T.

CaseT-New : Thent hasthe form new C(f) and T= Cand elds(Q =T fand °~ t:Sand
TT ° S<:T. By induction we have x:S " t:S soby T-New also ,x:S ~ newC() :C

CaseT-UCast : Thent hasthe form (T)t pand "~ tg:Toand TT = Tp<:T. By induction
we have xS " tg:Tp, soby T-UCast also xS ~ (Mt o: T.

CaseT-DCast : Thent hasthe form (T)t pand "~ tg:Toand TT ~ T<:Tgand T 6 Ty. By
induction we have xS "~ tg:Tp, soby T-DCast also xS ° (Mt o: T.

CaseT-SCast : Thent hasthe form (T)t pand "~ tg: Toand TT = Te&:T and TT = T8:Tg
and a stupid warning is generated. By induction we have ,x:S ~ tg: Tp, soby T-SCast
also xS (Mto:T

Lemma 6.7 If mbody(mCD) = (X, t) then there exist T and T such that mtype(mQ = T! T.
Pro of By induction on the depth of the derivation of mbody(mCD) = (X, t). Caseanalysis of the
last rule in the derivation.

Case MBod y1: Then TT(Q = class C extends E implements I fSf, KM and
U mU x) whenP freturn f g2 M and the result follows by MType-C1 .

Case MBod y2: Then TT(Q = class C extends E implements I fSf, KM and
U mU X) whenP freturn f g2 M and the result follows by MType-C1 .

CaseMBod y3: Then TT(Q = class C extends E implements I fSf; KM and mis
not de ned in Mand mbody(mCD = mbody(mED). By induction there exist T and T such
that mtype(mE) = T!' T, and the result follows by MType-C2 .
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Lemma 6.8 If mbody(mCD = (X, t) and mtype(mQ = T! T, then there exists a classD and a
typeSsuchthat TT ° C<:Dand TT ° S<:Tand x: T,thissD "t :S

Pro of By induction on the depth of the derivation of mbody(mCD) = (X, t). Caseanalysis of the
last rule in the derivation.

CaseMBod y1: Thent = t; and TT(Q = class C extends E implements | fSf, KMy
and U mU xX) whenP freturn T g2 M Sincemtype(mQ = T! T, by MType-C1 we have
that U= TandU= T. By T-Class wehaveM OKin C soby T-Meth wehavex: T,this:C

t :Sand TT °~ S<:T. Finally, by S-Ref wehave TT * C<:C

Case MBod y2: Then TT(Q = class C extends E implements I fSf, KM and
UmQU X) whenP freturn f g 2 Mand mbody(mCD = mbody(mED). Since mtype(mC
= T! T, by MType-C1 we havethat U= Tand U= T. By Lemma 6.7 there exist Tp and Ty
sud that mtype(mE) = To! To. By S-CExt we have TT ° C<:E soby Lemma 6.4 we have
To = Tand Tp = T. Therefore, by induction there exists a classD and a type S such that
TT " E<DandTT ® S<:Tandx: TthissD "t :S By S-Trans wehave TT ° C<:D, sothe
result follows.

CaseMBod y3: Then TT(Q = class C extends E implements I fSf; KM and mis
not de ned in Mand mhody(mCD) = mbody(mED. Sincemtype(mC = T! T, by MType-C2
we have that mtype(mE) = T! T aswell. Therefore, by induction there exists a classDand a
type Ssuchthat TT * E<:Dand TT ° S<:Tand x: T,thissD " t : S. By S-Trans we have
TT ° C<:D sothe result follows.

Theorem 6.1 (Subject Reduction) If ~t :Tandt ! s, then there exists sometype S sut
that ~ s:SandTT S<T.
Pro of By induction on the depth of the derivation oft ! s. Caseanalysis of the last rule in

the derivation.

CaseE-Pr ojNew : Thent hasthe form (new C(Vv)).f ; ands hasthe form v; and elds(Q =
Tf.Since ~t:T by T-Field and T-New wehavethat ~ newC(V) :Cand ° v;:S
and TT ° §<:T; and T = T,, sothe result follows.

Case E-InvkNew : Then t has the form new C(V).m(U) and s has the form
[x 7! uthis 7! newC(V)]to and U = newD(:::) and mbody(mCD = (X, to). Since

“t T, by T-Invk wehave ~ newC() : SPand mtype(mS) = T! Tand "~ TU:S
and TT ® S<:T. By T-New we have that S°= C Therefore by Lemma 6.8 there exists a
classDand atype Usuch that TT * C<:Dand TT * U<T and X: T,thissD ~ to : U Then
by Lemma 6.5we havethat ~ [x 7! Uthis 7! newC(V)]to:S whereTT ° S<:U. Then
by Lemma6.6also ~ [x 7! uthis 7! newC(V)]tg : S Finally, by S-Trans we have
TT ® S<T.

Case E-CastNew : Then t has the form (Tg)(new C(V)) and s has the form new C(V)
and TT °~ C<:Top. There are three subcases,depending on the last rule in the derivation of
Tt T

{ CaseT-UCast : Then "~ newC(V) :Sand TT = $<:Toand T= Tp.
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{ CaseT-DCast : Then "~ newC(V) : SandTT ~ Tp<:SpandTp 6 SandT= Ty. Then
by T-New we havethat S = C but then TT ™ Tp<:C and To 6 C which contradicts the
fact that TT ° C<:Ty (by the assumption that the subtyping relation has no nontrivial
cycles). Therefore, T-DCast cannot be the last rule usedin the derivation.

{ CaseT-SCast : Then "~ newC(V) :SandTT  S8:ToandTT ™ Tp8:Sgand T= T,.
Then by T-New we havethat Sy = C but then TT * 8:T, which cortradicts the fact
that TT ° C<:Ty. Therefore, T-SCast cannot be the last rule usedin the derivation.

CaseE-Field : Thent hasthe form t;.f and s hasthe form t,.f andt; ! t,. Since
“t T, by T-Field we have that f hasthe form f; and T hasthe form T, and "~ t;:C
and elds(Q = T f. By induction, there exists sometype To such that =~ t, : To and

TT ~ To<:C. Then by Lemma 6.1 Ty is someclassD, and by Lemma 6.2 we have elds(Q
elds(D). Then by T-Field wehave ~ t,.f :Tandby S-Ref wehave TT = T<:T.

CaseE-Invk-Recv : Thent hasthe form s;.m(t) and s hasthe form s,.m(t) ands; ! so.
Since "~ t:T by T-Invk wehave °~ s;:SPandmtype(mS) = T! Tand ~ T :Sand
TT > S<:T. By induction we have ~ s, : S%and TT ~ $°&:S% Then by Lemma 6.4 we
have mtype(mS®Y = T T. Then by T-Invk we have ° s,.m(T) : T and by S-Ref we have
TT ® T<T.

CaseE-Invk-Ar g: Then t hasthe form v.m(V,s 1,Sg) and s has the form v.m(V,s », Sp)
ands; ! s, Since "t :T by T-Invk wehave ° v:SPand mtype(mSd) = T! T and
Vsy,50=tTand " T :SandTT  S<T Assumethat s; is the ith elemen of T. By
induction we have that ~ s, : S and TT * §<:S;. Then by S-Trans alsoTT ~ S<:Tj, so
by T-Invk wehave ~ v.m(V,s,5g) : Tand by S-Ref wehave TT ~ T<:T.

CaseE-New-Ar g: Thent hasthe form new C(V,s 1, Sg) and s hasthe form new C(v,s », 5p)
ands; ! sy Since "t :T by T-New wehave elds(Q = Tf andv,s 1,5 =t and

"T:Sand TT " S<:Tand T= C Assumethat s; is the ith elemen of f. By induction we
havethat " s,:SPand TT * §<:S;. Then by S-Trans alsoTT ~ S<:T;, soby T-New we
have ~ new C(V,s 2,5p) : Cand by S-Ref wehave TT * C<:C

CaseE-Cast : Thent hasthe form (Tg)s 1 and s hasthe form (Tg)s2 s1 ! S». There are
three subcasesdepending on the last rule in the derivation of "~ t : T.

{ CaseT-UCast : Then "~ s1:SHandTT S<:Tpand T = Ty. By induction we have
Y s:Fand TT ° S<:Sp. Then by S-Trans alsoTT * < Ty, soby T-UCast we
have ~ (Tg)s2: To and by S-Ref wehave TT ™ To<:Ty.

{ CaseT-DCast : Then "~ s1:SandTT  Tp<iSgandTp 6 S andand T= Ty. By
induction we have ~ s, : S and TT S<:Sp. If TT* S<:T then by T-UCast
we have ~ (Tg)s2 : Tp. Otherwise, if TT ° T0<:88 then by T-DCast we have
(Tg)s 2 : Tp. Otherwisewe have TT ° 886:To and TT ° To8:SY, soby T-SCast we have

" (To)s2 : To along with the generation of a stupid warning. Finally, by S-Ref we
have TT = To<:To.

{ CaseT-SCast : Then =~ s;: S and TT W S8:To and TT ~ Tp8:Sp and a stupid
warning is generatedand T = To. By induction we have " s;: S} and TT ~ S<:So.
If TT S<:To then by T-UCast we have ~ (To)s2: To. Otherwise, if TT * To<:S§
then by S-Trans also TT ~ Tp<:Sq, contradicting the fact that TT ~ Tp8:Sq, soit is
not possiblethat TT *~ Tp<:SY. Otherwisewe have TT *~ 38:Tgand TT * To8:SY, soby
T-SCast wehave ° (Tg)s2: To. Finally, by S-Ref wehave TT ~ To<:To.
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6.2 Progress
De nition 6.1 We say that a classC covers D for mvia (P,P,X) if the following conditions hold:
1. TT(Q = class C f M
2.Sm@S X) whenPf g2 M
3.P2P
4 TT;x:DF P

Lemma 6.9 TT restrict(TT;P)
Pro of By Restrict restrict(TT;P) hasthe form (T,TT(T)) , sothe result follows.

. W_ _ _
Lemma 6.10 If TT;X: DE Pthen there is someP 2 Psudc that TT;X: DE P.
Pro of By induction on the length of P.

_ _ W_ . W_
Casethe length of Pis 0. Then P= , soby de nition Pis: true . SinceTT;Xx:DF P,
by P-Not we have TT;X: D6j true . But by P-Tr ue alsoTT;X: DF true , sowe have a
cortradiction. Therefore, the length of P cannot be 0.

_ _ W_ _. W
Casethe length of Pis 1. Then Pis somepredicate P, andalso PisP. SinceTT;X:DF P,
we have TT;X: D P, sothe result follows.

Casethe length of P is someinteger d > 1,,Then P can be expre\ﬁfedas Q,Qwhere Qis non-
empty, and PcanbeexpressedasQ_ Q SiweTT;K: DE P, by P-Orl and P-Or2

we have that either TT;X: DE Qor TT;X: DE  Q If the former, then the result follows
with P= Q If the latter, then by induction there is someP 2 Qsuc that TT;x: D P. Then
also P 2 P, sothe result follows.

Lemma 6.11 If mpreds(mC) = Qand P 2 Q then there exists a classDsuch that TT *~ C<:Dand
TT(D = class D f MandSm@Sy) whenPf g2 MandP2 P.

Pro of By induction on the depth of the derivation of mpredsimC = Q Caseanalysis of the last
rule usedin the derivation.

CaseMPredsl . Then Q= , contradicting the fact that P2 Q soMPredsl cannot be the
last rule in the derivation.

CaseMPreds2 . Then Q= Q, Q. SinceP 2 Q there are two subcases.

{ Case P 2 Q. By MPreds2 we have TT(Q = class C f M and
SmSy) whenQ f g2 M Finally, by S-Ref we have TT °~ C<:C Therefore the
result follows.

{ CaseP 2 Q. By MPreds2 we have TT(Q = class C extends E f g and
mpreds(mE) = Q. By induction there exists a classDsud that TT * E<:Dand TT(D
= class D f Mand SmESy) whenPf g2 Mand P2 P. SinceTT(Q =
class C extends E f g, by S-CExt wehave TT * C<:E Then by S-Trans also
TT ° C<:D, sothe result follows.
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Lemma 6.12 If mformals(mC = X and allMethodNamegQ = m then m2 m
Pro of By induction on the depth of the derivation of mformals(mC = X. Caseanalysisof the last
rule in the derivation.

Case MFormalsl . Then TT(Q = class C extends D implements I fT f; KM and
S m@S X) whenP freturn f, g 2 M Since allMethodNamegC = m by MNames-Cls we
have mnameg(M) m and by MName-Cls that meansm2 m

Case MFormals2 . Then TT(Q = class C extends D implements I fT f; K My and
mformals(mD) = X. By T-Class we have that allMethodNamegD = my, so by induction we
have m2 my. Then by MNames-Cls alsom2 m

Lemma 6.13 If TT ° C<:Dand mformals(mD) = X, then mformals(mC) = X.
Pro of By induction on the depth of the derivation of TT = C<:D Caseanalysis of the last rule in
the derivation.

CaseS-Ref . Then C= D, sothe result follows.

CaseS-Trans . Then TT > C<:Tand TT * T<:D. Then by Lemma 6.1 T is some class C°
Then by induction we have mformals(mC® = X, and by induction againwe have mformals(mQ
= X.

Case S-CExt . Then TT(Q = class C extends D implements I fT f; K M. Since
mformals(mD) = X, if mis not de ned in Mthen by M-F ormals2 also mformals(mC) = X, so
the result follows. Otherwise mis de ned in M so by M-F ormalsl there exists somey suc
that mformals(mC = y. By T-Class we have allMethodNamegQ = m soby Lemma 6.12
we have m2 m Then also by T-Class we have override(mQO), so by Over-Cls we have
override(mD, S Sy). Finally, by T-O verCls we have that x = y, sothe result follows.

Lemma 6.14 If mtype(mQ = T! T, then there exists X of the same length as T sud that
mformals(mQC = X.

Pro of By induction on the depth of the derivation of mtype(mC) = T! T. Caseanalysisof the last
rule in the derivation.

Case MType-C1 . Then TT(Q = class C extends D implements I fT f; KM and
S m@S X) whenP freturn T, g2 M Then the result follows by MF ormalsl .

CaseMType-C2 . Then TT(Q = class C extends D implements I fT f; K My and mis
not de ned in Mand mtype(mD) = T! T. By induction there exists X of the samelength as T
sudh that mformals(mD = X, and the result follows by MF ormals2 .

Lemma 6.15 (Exhaustiveness)lf mtype(mQ = T! T and mformals(mC) = X and D has the same
length asx and D dom(TT), then there exist D, P, and P such that TT * C<:Dand Dcovers Dfor
mvia (P,P,X).
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Pro of Since mtype(mC = T!' T, by MType-C1 and MType-C2 we have that C2 dom(TT).
Then by T-Class we have allMethodNamegCQ = mand exhausthC). By Lemma 6.3 we have
m2 m so by T-EWé ust we have mpreds(m_c,) = Qand X Q By Lemma 6.9 we kwxv
TT restrict(TT; Q, andwearegiventhat D dom(TT), soby Valid wehave TT;x:DE Q
Then by Lemma 6.10there is someP 2 Qsud that TT;X: DE P. Then by Lemma 6.11there exists
aclassDsuch that TT ° C<:Dand TT(D) = class D f MandS m@Sy) whenPf g2
Mand P2 P. Then by MF ormalsl we have mformals(mD) = y, and by Lemma 6.13we have X =
y. Finally, by De nition 6.1 we have shown that D covers Dfor mvia (P,P,X).

Lemma 6.16 TT¢® EF P) P
Pro of By de nition of ) we must provethat TT® E : P_ P. We have two subcases.

CaseTT® [ P. Then the result follows by P-Or2 .

CaseTT® 6 P. Then by P-Not alsoTT® [ : P, and the result follows by P-Orl .

Lemma 6.17 If TTS EFP) QandTT® EF Q) RthenTT® EFP) R
Pro of By de nition of) wehave TT® E:P_QandTT®% g : Q_ R andwe must prove that
TT® E:P_R SinceTT® E :P_ QbyP-Orl and P-Or2 we have two subcases.

CaseTT® [ :P. Thenby P-Orl alsoTT® EF:P_R
CaseTT® F Q SinceTT® F : Q_ R by P-Orl and P-Or2 we have two subcases.

{ CaseTT® E : Q Thenby P-Not alsoTT® 6 Q sowe have a cortradiction.
{ CaseTT® E R Thenby P-Or2 alsoTT® F:P_R

Lemma 6.18 If P yQand Q ¢R then P ¢R

Pro of By MoreSpecific wehaveX E P) QandX = Q R Then by Valid we have that for all
TTO restrict(TT;P), for all D dom(TT9Y of the samelength asx, TT¢x: DE P) Q Similarly,
for all TTY restrict(TT;P), for all D dom(TT9 of the samelength asx, TT¢x:DE Q R
Consider someTT?  restrict(TT;P) and D dom(TT9 of the samelength as X. So we have
TT%x:DE P) Qand TT®x:DE Q R Then by Lemma6.17alsoTT%x: DE P) R Therefore
we have shawn that for all TT® restrict(TT;P), for al D dom(TT9 of the samelength as X,
TT%x: DE P) R soby Valid wehavex F P) R Finally, the result follows by MoreSpecific

Lemma 6.19 (Unambiguity) If D dom(TT) and Dcovers Dfor mvia (P,P,X) then there exists Q
2 Psud that TT; x: DE Qand overrideslfApplicablg(QP,X,D).

Pro of By De nition 6.1wehave TT(D = class D f MandSm@SXx) whenPf g2 M
and P2 Pand TT; x: DE P. We prove this lemma by induction on the number of predicates P° 2
Psud that TT; x: DE PPand P6 3P

Casethere are zero such predicates. By Lemma 6.16 we have TT® | P) Pfor all TT?
and . Then by Valid wehaveX = P) P, soby MoreSpecific alsoP ¢P. Therefore by
de nition of alsoP6 gP. SinceTT; x: D P, we have found a Q namely P itself, such that
TT; x: DF Qand P6 xQ Therefore we have a cortradiction.
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Case there is one sucth predicate. As showvn above P is sudh a predicate, so it must be
the only one. Therefore, for eah other predicate P° 2 P, it must be the casethat either
TT; xxD 8 PPor P xP Therefore by OverApp we have overridesIfApplicable(P,P°x,D).
Since P=P, by OverApp also overridesIfApplicablgP,PXx,D). So we have shavn that
overrideslfApplicablegP,P,x,D). Therefore the result follows with P= Q

Casethere arei > 1 such predicates. Then there exists a predicate R such that RE Pand TT;
x: DF Rand P6 xR By de nition of we havethat either P6 gRor R P, sothere are a few
subcases.

{ CaseP gRandR xP. By T-Class and T-Meth we have unambiguougP,RX,P). There-
fore by Unamb we have P= R We sav above that R8 P, so we have a corntradiction.

{ CaseP6gxR By T-Class and T-Meth we have unambiguougP,RX,P). TherWre by

Unamb we have Q= [Qj Q2 PandQ ¢ PandQ ¢ R andX QP"R)) Q V@_y
Lemma6.9wehave TT restrict(TT;P), soby Valid We have TT; x: DF (P*"R)) Q
By the de nition of ) wehave TT; X:DF : (P" R)W Q By P-Orl and P-Or2 this
meansthat either TT; X: DF : (P"R)or TT; x: DE  Q If the former, then by P-Not
we have TT; x: D6 P*R and by P-And this meansthat either TT; x: D& Por TT;
X: D6 R But we've already shovn that TT; x: DF Pand TT; x: DF R sowe have a
contradiction. W
Therefore, it must be the casethat TT; X: DE Q and by Lemma 6.10 there is some
Po 2 Qsud that TT;X: D Py. By De nition 6.1 we have D covers D for mvia (Pg,P,X),
sothe result follows by induction if we can shaw that the number|j of predicatesP°2 P
sudhthat TT; x: DE PPand Py6 XPOis smallerthan i. First weshavthat j i. Consider
someP’2 Psud that TT; x: D PP and Py6 xP°. Then we will show that also P6 xP°.
Supposenot, soP PP Therefore P P’ and P% xP. SincePy 2 Q we have Py yP, and
sinceP ¢P°, by Lemma 6.18 we have Py P’ Also, since P, P and P% xP then we
have P% xPy (sinceif PP Py then by Lemma 6.18alsoP° P, which is a cortradiction).
Therefore we have Py xP°and P%6 xPo, soPy P, and we have a cortradiction.
As shown above, every predicate of the appropriate form for Py is also of the appropriate
form for P. To endthe proof, we shav that conversedoesnot hold. We saw earlier that
TT; x:DF P, and asarguedin the rst caseof the proof, we have P6 ¢P. Therefore, P
is one of the predicates of the appropriate form for P. We're done if we can show that
Po xP. sincethis meansthat Pis not oneof the predicatesof the appropriate form for Po.
SinceP2 Q we have Py gyPand Py gyR We assumedabove that P6 xR so also P6 xPy
(sinceif P Py then by Lemma6.18alsoP ¢R which is a cortradiction). Therefore we
have shown that Py xP and P6 xPy, soPy xP.

Lemma 6.20 If C2 dom(TT) and TT ° C<:Dand D dom(TT) and D covers Dfor mvia (P,P,X),
then there existst sud that mbody(mCD) = (X, t).

Pro of We prove this lemma by induction on the number of classesE such that TT ° C<:E and
TT ® E<D.

Casethere are zerosud classes.By S-Ref wehave TT ° C<:C andwearegiven TT = C<:D
so Cis such a classand we have a corntradiction.

Casethere is one such class. Sinceby S-Ref wehave TT ° C<:Cand TT * D<:D, and since
we are given TT ~ C<:D we know that both Cand D are such classes. Therefore it must be
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the casethat C= D Since D covers D for mvia (P,P,X), by De nition 6.1 we have TT(Q =
class C f MandS mSXxX) whenPf g2 MandP2 Pand TT; x: DE P. Also,
by Lemma 6.19there exists Q2 P suc that TT; x: D Qand overrideslfApplicablg QP,x,D).
Then the result follows by MBod y1.

Casethere arei > 1 sud classes.Then there is someE such that E6 Cand TT ° C<:Eand
TT ° E<:D. Therefore alsoC6 D or elsewe would have a nontrivial cyclein the subtyping
relation. There are two subcases.

{ Casethere exist Py and Py such that Ccovers Dfor mvia (Pg,Py,X). Then by De nition 6.1
we have TT(CQ) = class C f MandS mSXx) whenPy f g2 Mand Py 2 Py
and TT; X: DF Py. Also, by Lemma 6.19 there exists Q2 Py such that TT; X: DF Q
and overrideslfApplicableQPg,X,D). Then the result follows by MBod y1.

{ Casethere doesnot exist Py and Py such that C covers D for mvia (Py,Py,X). SinceC2
dom(TT), we have that TT(Q = class C extends G f M. SinceC6 Dand
TT ~ C<:D it must be the casethat TT ~ G<:D as well. Further, there are strictly
fewer than i classesk such that TT ° G<:E and TT * E<:D. Therefore by induction
there exists t such that mbody(mG,D) = (X, t). Sincethere doesnot exist Py and Py
sud that Ccovers Dfor mvia (Pg,Py,X), by De nition 6.1, there are seweral subcases.

C62dom(TT). But we are giventhat C2 dom(TT), sowe have a cortradiction.
TT(O = class C extends G f M but mis not dened in M Then the
result follows by MBod y3.

TT(Q = class C extends G f  Mand SmSxX) whenPf g2 M but
there is no P such that TT;x: D P,. Then the result follows by MBod y2.

Theorem 6.2 (Progress)lf ~ t : T, then either t is a value, t cortains a subexpressionof the
form (U)(new C(U)) whereTT = B:U, or there exists someterm s such that t ! s.

Pro of By induction on the depth of the derivation of ~ t : T. Caseanalysis of the last rule in
the derivation.

CaseT-V ar : Thent hasthe form x and x;T 2 , which is a cortradiction. Therefore, T-V ar
cannot be the last rule in the derivation.

CaseT-Field : Thent hasthe formto.f | and Thasthe form Ty and ~ to: G and elds(G)
= T f. By induction, there are three subcases.

{ Casetg is avalue. Then t g hasthe form new (V). Since "~ tg: G, by T-New Dy is
G and v hasthe samelength asf. Then by E-Pr ojNew we haveto.f i ! vj.

{ Caset( cortains a subexpressionof the form (U)(new C(0)) where TT ~ (8:U. Then
alsot corntains a subexpressionof the form (U)(new C(U)) whereTT ~ G8:U.

{ Casethere existssometerm sg suchthat tg ! sg. Then by E-Field wehaveto.f; !
So.f i

CaseT-Invk : Thent hasthe form to.m(f) and ° tg : Tp and mtype(mTy) = T! T and
"T:Sand TT ° S<:T. By induction, there are three subcases.

{ Casetg is avalue. Then t g hasthe form new Gy(V). Since " tg: Tp, by T-New Ty is
G. By induction, there are three subcases.
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Caseall terms in T are values. Then T hasthe form new X : ::), and by the sanity
conditions we know that D dom(TT). Sincemtype(mG) = T!' T, by Lemma 6.14
there exists X of the samelength as T suc that mformals(mC) = X. Therefore, X
also has the samelength asD. Then by Lemma 6.15 there exist D, P, and P such
that TT ° G<:D and Dcovers Dfor mvia (P,P,X). Also sincemtype(mC) = T! T, by
MType-C1 and MType-C2 we have G 2 dom(TT). Then by Lemma 6.20 there
exists a term sg such that mbody(mG,D) = (X, Sg). Then by E-InvkNew we have
tom(t) ! [x 7! 1; this 7! new G(V)]so.
Casesometerm in T contains a subexpressionof the form (U)(new C(T)) where
TT ° G8:U. Then alsot contains a subexpressionof the form (U)(new C(U)) where
TT ® &B:U.
Caseno term in T contains a subexpressionof the form (U)(hew C(T)) where
TT ~ @B:U. Further, there is somet; 2 t for which there exists a term s; such
that t; ! sj. Further, alltj suchthat 1 | < i arevalues. Then by E-Invk-Ar g
we havetom(t) ! tom(t it 1,80t i+, :i0tn).

{ Caset( cortains a subexpressionof the form (U)(new C(0)) where TT ~ (8:U. Then

alsot corntains a subexpressionof the form (U)(new C(U)) whereTT ~ G8:U.

{ Casethere exists someterm sg such that tg ! sg. Then by E-Invk-Recv  we have
to.m(t) ! so.m(1).
CaseT-New : Thent hasthe form new Gy(f) and Tis G and elds(G)=Tfand "~ tT:S
and TT ° S<:T. By induction, there are three subcases.
{ Caseall termsin t are values. Then alsot is a value.

{ Case someterm in t cortains a subexpressionof the form (U)(new C(0)) where
TT ~ G8:U. Then alsot contains a subexpressionof the form (U)(new C(U)) where

TT ® G8:U.
{ Casenoterm in T cortains a subexpressionof the form (U)(new C(T)) whereTT ~ G8:U.
Further, thereissomet; 2 t for which there existsaterm s; suchthat t; ! s;. Further,

all tj sudhthat 1 j < i are values. Then by E-New-Ar g we have new Co(t) !
new Gt 1, :::t 1,Si,t i+, 0t n).

CaseT-UCast : Thent hasthe form (T)t pand ~ tg:Sand TT ~ S<T. By induction,
there are three subcases.

{ Casetg is avalue. Then t g hasthe form new G(Vv) and by T-New Sis G. Then by
E-CastNew wehave (T)t ¢ ! to.

{ Caset( cortains a subexpressionof the form (U)(new C(0)) where TT * (8:U. Then
alsot cortains a subexpressionof the form (U)(new C(T)) whereTT ~ G8:U.

{ Casethere existssometerm sg suchthat tg ! sq. Then by E-Cast wehave (T)t o !
(Ms o.
CaseT-DCast : Thent hasthe form (T)t gand "~ tg:Sand TT  T<:Sand T6 S By
induction, there are three subcases.

{ Casetgisavalue. Thent g hasthe form new G(V) andby T-New SisG. If TT ~ G<:T
then by E-CastNew we have (T)t ¢ ! tg. Otherwise TT ° G8:T, sot corntains a
subexpressionof the form (U)(new C(0)) whereTT = G8:U.
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{ Caset( contains a subexpressionof the form (U)(new C(0)) where TT ~ (8:U. Then
alsot contains a subexpressionof the form (U)(new C(U)) whereTT ~ G8:U.

{ Casethere existssometerm sg suchthat tg ! sq. Then by E-Cast wehave (T)t o !
(Ms o-

CaseT-SCast : Thent hasthe form (T)t pand ~ tg:Sand TT S8T and TT ~ T8:S
and a stupid warning is generated. By induction, there are three subcases.

{ Casetg is a value. Then ty hasthe form new G(Vv) and by T-New Sis G. Then t
cortains a subexpressionof the form (U)(new C(0)) whereTT = (8:U.

{ Caset( cortains a subexpressionof the form (U)(new C(0)) where TT * (8:U. Then
alsot corntains a subexpressionof the form (U)(new C(U)) whereTT ~ G8:U.

{ Casethere existssometerm sg suththat tg ! sg. Then by E-Cast wehave (T)t o !
(Ms o-

References

[1] K. Bruce, L. Cardelli, G. Castagna,T. H. O. Group, G. T. Leavens,and B. Pierce. On binary
methods. Theory and Practice of Object Systems 1(3):217{238, 1995.

[2] G. Castagna. Covariance and cortravariance: con ict without a cause. ACM Trans. Program.
Lang. Syst,, 17(3):431{447,1995.

[3] C. Chambers. Object-oriented multi-methods in Cecil. In O. L. Madsen, editor, Proceedings
ECOOP '92, LNCS 615, pages33{56. Springer-Verlag, June 1992.

[4] A. Igarashi, B. C. Pierce,and P. Wadler. Featherweight Java: a minimal core calculusfor Java
and GJ. ACM Transactionson Programming Languagesand Systems 23(3):396{450,May 2001.

[5] T. Millstein. Practical predicate dispatch. In OOPSLA 2004 Conference on Object-Oriented
Programming, Systems,Languages,and Applications, Oct. 2004.

22



