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This document de�nes an extensionto Featherweight Java (FJ) [4] that formalizesour approach
to modularly typesafeinterface dispatch in JPred [5]. To this end, we augment FJ to include
interfaces,and we allow methods to have JPred-style whenclauses.To make it easierto �nd all the
methods in the same\metho d family," the syntax groups all methods of the samename in each
classas a single declaration. The order of each method implementation is still irrelevant.

1 Syntax

TD ::= class C extends C implements I f T f; K Mg
j interface I extends I f MHg

K ::= C(T f) f super( f ); this. f = f; g
M ::= T m(T x) when P f return t; g

MH ::= T m(T x);
P,Q,R ::= true j x@Tj : P j P̂ P j P_P
S,T,U ::= C j I

t ::= x j t.f j t.m( t ) j new C(t ) j (T) t
v ::= new C(v)

Figure 1: The syntax of FJPred.

Figure 1 givesthe syntax of FJPred. It augments FJ to have interfacesand to support method
predicates. For uniformit y, all methods have a predicate; a method with the predicate true has the
samesemantics asa regular Java method. Predicatesinclude typetestson formals and conjunctions,
disjunctions, and negationsof such tests. JPred supports several other kinds of predicates,including
type tests on �elds and linear arithmetic, but theseconstructs do not interact in interesting ways
with interface dispatch, which is the focus of our formalization.

Technically, to be a legal Java program any class that implements someinterface must make
the implementations of the associated methods public . We assumethat all methods are implicitly
declaredpublic in FJPred.

We have analogousnotational conventions and sanity conditions to those in FJ, namely:

� The metavariables C, D, and E range over classnames,I and J over interface names,f and g
over �eld names,mand n method names,x and y over parameter names,s and t over term
names,u and v over value names.
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� We assumethat this is a special variable namethat is never usedasthe nameof an argument
to a method.

� We use the D shorthand as a sequenceof elements from domain D, using the appropriate
separator for each domain. We sometimestreat a sequenceas a set. The empty sequenceis
denoted � .

We also extend this shorthand as in Featherweight Java to larger syntactic fragments (e.g., T
f ). A new shorthand of this form is T m(T x) when P f return t; g, which abbreviates the
following method declaration:

T m(T1 x1, � � � Tn xn )
when P1 f return t 1; g
� � �
when Pm f return t m ; g

� We assumethat a class's �elds have distinct names from one another and from inherited
�elds. We also assumethat the methods declared in a classor interface have distinct names
from one another (but not necessarilyfrom inherited methods). Finally, we assumethat a
method's formal namesare distinct.

� A type table TT is a mapping from type (classor interface) namesto their declarations. We
sometimesconsidera type table as a sequenceof pairs, denoted ( T, TD) . A program is a pair
of a type table and a term. The rules assumea �xed global type table TT; it is sometimes
shadowed by an explicit type table in the context of a few judgments.

� Every type table TT is assumedto satisfy a few conditions. First, TT(C) = class C : : :
for every C 2 dom(TT) and TT(I ) = interface I : : : for every I 2 dom(TT). Second,
Object 62dom(TT). Third, every type name except Object that appearsanywhere in TT is
in dom(TT). Finally, there are no nontrivial cyclesin the subtyping relation induced by TT;
this relation is de�ned next.

2 Subt yping

The subtyping relation among typesis standard and is de�ned by the following rules:

TT ` T1<:T2

TT ` T<:T (S-Ref )

TT ` T1<:T3 TT ` T3<:T2

TT ` T1<:T2
(S-Trans )

TT(C) = class C extends D : : :

TT ` C<:D
(S-CExt )

TT(C) = class C extends D implements I : : :

TT ` C<:I i
(S-CImp)

TT(I ) = interface I extends I : : :

TT ` I<:I i
(S-IExt )
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3 Evaluating and Reasoning Ab out Predicates

These rules formalize the evaluation of predicates, and they also formalize the ways in which
the automatic theorem prover statically reasonsabout predicates. The �rst judgment below is
straightforward and represents predicate evaluation. As usual, a type environment � is a mapping
from variables to types,written x: T.

TT; � j= P

TT; � j= true (P-Tr ue)

x:D 2 � TT ` D<:T

TT; � j= x@T
(P-Spec )

TT; � 6j= P

TT; � j= : P
(P-Not )

TT; � j= P1 TT; � j= P2

TT; � j= P1^ P2
(P-And )

TT; � j= P1

TT; � j= P1_P2
(P-Or1 )

TT; � j= P2

TT; � j= P1_P2
(P-Or2 )

It is beyond the scope of this formalization, and would be quite di�cult, to formally model
the ways in which an automatic theorem prover manipulates predicates in order to prove them
valid. Instead, we formalize the consequenceof such manipulation by providing a formal notion of
predicate validit y. This is represented by the judgment x j= P, de�ned below.

The function restrict(TT; P) is used in the formalization of validit y and is de�ned below. It
createsa type table that only includes typesmentioned in P and supertypesof thesetypes. In the
JPred implementation, it is only thesetypesthat the theorem prover is given axioms about. If the
predicate is proven given only theseaxioms, the consequenceis that the predicate will evaluate to
true in any program that includes these types, for any possibleactual arguments. That property
is formalized in the rule below by the quanti�cation over all TT 0 and all D.

An important point about the useof restrict is that it makesthe predicate reasoningmodular:
the theorem prover is only given information about typesthat are mentioned in the given predicate
or are depended upon by such types. In particular, the theorem prover does not have accessto
all subtypesof a particular type mentioned in the predicate. And more to the point, the theorem
prover therefore must always assumethat a pair of interfaces(or one interface and oneclass)could
have a common subtype. As a result, the notion of validit y is stronger than it otherwise would be,
applying to all possibleprograms that include the accessibletypes, rather than just the program
TT.

x j= P
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for all TT 0 � restrict(TT; P),
for all D � dom(TT 0) of the samelength as x,

TT0; x: Dj= P

x j= P
(Valid )

restrict(TT; P) = TT 0

neededTypes(P) = T

restrict(TT; P) = ( T, TT( T))
(Restrict )

Below we usea form of comprehensionto simplify rules. The notation [A j condition ] denotesa
sequenceof all elements A such that the associated condition holds.

neededTypes(P) = T

neededTypes(true ) = �

T = [T j TT ` S<:T]

neededTypes(x@S) = T

neededTypes(: P) = neededTypes(P)

neededTypes(P1) = S neededTypes(P2) = T

neededTypes(P1^ P2) = S,T

neededTypes(P1) = S neededTypes(P2) = T

neededTypes(P1_P2) = S,T

4 Dynamic Semantics

The evaluation rules are identical to those of FJ, except that they user our slightly modi�ed
syntax (e.g., the useof typesinstead of classes)and they usepredicate dispatch for the invocation
semantics.

t 1 � ! t 2

�elds(C) = T f

(new C(v)).f i � ! vi
(E-Pr ojNew )

u = new D(: : :) mbody(m; C; D) = (x; t 0)

(new C(v)).m( u) � ! [x 7! u; this 7! new C(v) ]t 0
(E-InvkNew )

TT ` C<:T

(T)(new C(v)) � ! new C(v)
(E-CastNew )

t 1 � ! t 2

t 1.f � ! t 2.f
(E-Field )
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t 1 � ! t 2

t 1.m( t ) � ! t 2.m( t )
(E-Invk-Recv )

t 1 � ! t 2

v.m( v,t 1, s) � ! v.m( v,t 2, s)
(E-Invk-Ar g)

t 1 � ! t 2

new C(v,t 1, s) � ! new C(v,t 2, s)
(E-New-Ar g)

t 1 � ! t 2

(T)t 1 � ! (T)t 2
(E-Cast )

Theserules rely on the following auxiliary rules, which are againsimilar to thoseof FJ except for
the addition of predicate dispatch (via the mbody function). In the rule de�ning the overridesIfAp-
plicable function, P1

:= P2 holds if the two predicatesrefer to the sametextual predicate declaration
from the program. The notation P1� xP2 denotesthat P1� xP2 and P26�xP1.

The rules implement the semantics analogousto so-called\encapsulated" multimetho ds [2, 1].
Namely, all methods in a class are consideredto be more speci�c than inherited methods from
superclasses.Another popular semantics is the so-called\symmetric" style [3], in which the receiver
dispatch is not treated specially from the rest of the predicate. It would be a minor changeof the
rules to usethis semantics, and it would not a�ect any of our results.

�elds(C) = T f

�elds(Object ) = � (F-Obj )

TT(C) = class C extends D implements I f T f; K Mg
�elds(D) = S g

�elds(C) = S g, T f
(F-Cls )

mbody(m,C,D) = (x,t )

TT(C) = class C extends E implements I f T f; K Mg
S m(S x) when P f return t ; g 2 M

TT; x: Dj= Pi overridesIfApplicable(Pi ; P; x; D)

mbody(m; C; D) = (x; t i )
(MBod y1)

TT(C) = class C extends E implements I f T f; K Mg
S m(S x) when P f return t ; g 2 M
there is no Pi such that TT; x: Dj= Pi

mbody(m; C; D) = mbody(m; E; D)
(MBod y2)

TT(C) = class C extends E implements I f T f; K Mg
mis not de�ned in M

mbody(m; C; D) = mbody(m; E; D)
(MBod y3)

overridesIfApplicable(P1,P2,x,C)
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P16:= P2 and TT; x: Dj= P2 implies P1� xP2

overridesIfApplicable(P1; P2; x; D)
(OverApp )

P1 � x P2

We useP1) P2 to denote the predicate : P1_P2.

x j= P1) P2

P1 � x P2
(MoreSpecific )

5 Static Semantics

The rules for the static semantics make useof the �elds auxiliary function de�ned for the dynamic
semantics above.

The rules for typechecking terms are identical to those of FJ except for the slight update in
syntax.

� ` t : T

x:T 2 �

� ` x : T
(T-V ar )

� ` t : C �elds(C) = T f

� ` t.f i : Ti
(T-Field )

� ` t 0 : T0 mtype(m; T0) = T! T
� ` t : S TT ` S<: T

� ` t 0.m( t ) : T
(T-Invk )

�elds(C) = T f � ` t : S TT ` S<:T

� ` new C(t ) : C
(T-New )

� ` t : S TT ` S<:T

� ` (T)t : T
(T-UCast )

� ` t : S TT ` T<:S T 6= S

� ` (T)t : T
(T-DCast )

� ` t : S TT ` S6<:T TT ` T6<:S
stupid warning

� ` (T)t : T
(T-SCast )

Theserules rely on the following auxiliary rules for mtype, which extend the rules usedin FJ to
allow for getting the type of a method from an interface. Note that the rules allow a method's type
to be nondeterministically found by looking in any superinterface of an interface. Other rules will
ensurethat all theseinterfacesagreeon the type of each method namethat they have in common.
Note also that we need not search the superinterfacesof a class, since other rules will guarantee
that the classdeclaresor inherits at least one implementation of the method.
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mtype(m,T0) = T! T

TT(C) = class C extends D implements I f T f; K Mg
S m(S x) when P f return t ; g 2 M

mtype(m; C) = S! S
(MType-C1 )

TT(C) = class C extends D implements I f T f; K Mg
mis not de�ned in M mtype(m; D) = S! S

mtype(m; C) = S! S
(MType-C2 )

TT(I ) = interface I extends I f MHg
S m(S x); 2 MH

mtype(m; I ) = S! S
(MType-I1 )

TT(I ) = interface I extends I f MHg
mis not de�ned in MH mtype(m; I i ) = S! S

mtype(m; I ) = S! S
(MType-I2 )

Next we have rules for typechecking predicates. Theserules ensurethat only variables in scope
(i.e., the method's formal parameters) are referred to.

x ` P OK

x ` true OK (P-Tr ue)

x 2 x

x ` x@SOK
(P-Test )

x ` P OK

x ` : P OK
(P-Not )

x ` P1 OK x ` P2 OK

x ` P1^ P2 OK
(P-And )

x ` P1 OK x ` P2 OK

x ` P1_P2 OK
(P-Or )

Next we have rules for typechecking methods. These rules augment the rule for typechecking
methods in FJ to typecheck predicates and to ensurethat a class'smethods have the sametype
signaturesas those of the samename that it inherits from interfaces.

Notice that we typecheck the body of a method using the declaredstatic typesof the formals.
It would be safeto sometimesnarrow thesetypesbasedon the type tests in the method's predicate.
The full JPred languagedoesso, but we have elided it for simplicit y.

M OKin C
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x ` P OK x: T,this:C ` t : S TT ` S<:T
unambiguous(P1; P; x; P) � � � unambiguous(Pn ; P; x; P)

T m(T x) when P f return t ; g OKin C
(T-Meth )

The rules for typechecking methods rely on the following rule, which implements pairwise am-
biguity checking of methods. The notation

W
P denotesthe disjunction of all predicates in P. We

de�ne
W

� as the predicate : true . The rule �rst ensuresthat the two given predicates are not
equivalent unless they are the same textual predicate. Finally, the rule requires that whenever
both predicatesare satis�ed, then at least one predicate that is more speci�c than both of them is
also satis�ed.

There are two common casesof this last requirement that are worth noting. First, if P1 is
strictly more speci�c than P2, then P1 is always satis�ed whenever both are, so the methods are
unambiguous (and similarly for the symmetric case). Second,if P1 and P2 are disjoint , meaning
that they cannot be simultaneously true, then the requirement holds vacuously.

unambiguous(P1; P2; x; P)

P1 � x P2 and P2 � x P1 implies P1
:= P2

Q= [P j P2 P and P� x P1 and P � x P2]
x j= (P1^ P2) )

W
Q

unambiguous(P1; P2; x; P)
(Unamb )

Finally we present the rules for typechecking classesand interfaces. The rule for classesis as
in FJ, with the addition of exhaustivenesschecking for all methods that should be implemented or
inherited by the class.

TD OK

K= C(S g, T f) f super( g); this. f = f ; g
�elds(D) = S g M OKin C

allMethodNames(C) = m
override(m; C) exhaustive(m; C)

class C extends D implements I f T f ; K Mg OK
(T-Class )

allMethodNames(I ) = m override(m; I )

interface I extends I f MHg OK
(T-Int )

Theserules �nd all method namesin a given classand all supertypes.

allMethodNames(T) = m

TT(C) = class C extends D implements I f T f; K Mg
mname(M) = m allMethodNames(D) = m0

allMethodNames(I 1) = m1 � � � allMethodNames(I n ) = mn

allMethodNames(C) = m; m0; m1; : : : ; mn
(MNames-Cls )

TT(I ) = interface I extends I f MHg
mname(MH) = m

allMethodNames(I 1) = m1 � � � allMethodNames(I n ) = mn

allMethodNames(I ) = m; m1; : : : ; mn
(MNames-Int )
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override(m,T)

TT(C) = class C extends D implements I f T f; K Mg
mtype(m; C) = S! S mformals(m; C) = x

override(m; D; S! S; x) override(m; I ; S! S)

override(m; C)
(Over-Cls )

TT(I ) = interface I extends I f MHg
mtype(m; I ) = S! S override(m; I ; S! S)

override(m; I )
(Over-Int )

The aboverules rely on the following rule, which is analogousto the onefrom FJ but additionally
requiresmethod implementations to have the sameformal parameter namesas the method imple-
mentations they override. The condition simpli�es the rules for exhaustivenesschecking. Interface
methods are not required to obey this condition, so they have a separaterule de�ned subsequently.

override(m; C; T! T0; x)

mtype(m; C) = S! S0 implies S= T and S0 = T0

mformals(m; C) = y implies x = y

override(m; C; T! T0; x)
(T-O verCls )

override(m; I ; T! T0)

mtype(m; I ) = S! S0 implies S= T and S0 = T0

override(m; I ; T! T0)
(T-O verInt )

mformals(m,T) = x

TT(C) = class C extends D implements I f T f; K Mg
S m(S x) when P f return t ; g 2 M

mformals(m; C) = x
(MF ormals1 )

TT(C) = class C extends D implements I f T f; K Mg
mis not de�ned in M mformals(m; D) = x

mformals(m; C) = x
(MF ormals2 )

exhaustive(m,C)

A method implementation is exhaustive if the disjunction of all predicates is valid.

mpreds(m; C) = P mformals(m; C) = x x j=
W

P

exhaustive(m; C)
(T-Exha ust )

mpreds(m,C) = P
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This judgment is usedto collect up all the predicates in implementations of a given method.

mpreds(m; Object ) = � (MPreds1 )

TT(C) = class C extends D implements I f T f; K Mg
S m(S x) when P f return t ; g 2 M

mpreds(m; D) = Q

mpreds(m; C) = P,Q
(MPreds2 )

mname(M) = m

mname(T m(T x) � � �) = m (MName-Cls )

mname(MH) = m

mname(T m(T x); ) = m (MName-Int )

6 T yp e Soundness

We prove type soundnessin the standard \progress and preservation" style. Preservation is prett y
much standard; progressmust reason about exhaustivenessand ambiguity checking in order to
show that method lookup always succeedsat run time.

Analogous with FJ, we assumethat TD OKholds for each type declaration TDin the range of
TT.

6.1 T yp e Preserv ation

Lemma 6.1 If TT ` T<:C, then T is a class.
Pro of By induction on the depth of the derivation of TT ` T<:C. Caseanalysisof the last rule in
the derivation.

� CaseS-Ref : Then T = Cand the result follows.

� CaseS-Trans : Then TT ` T<:T0 and TT ` T0<:C. By induction T0 is a class,and by induc-
tion again so is T.

� CaseS-CExt : Then we are given that T is a class.

� CaseS-CImp: Then C is an interface, contradicting our initial assumption.

� CaseS-IExt : Then C is an interface, contradicting our initial assumption.
�

Lemma 6.2 If TT ` D<:Cand �elds(C) = T f , then �elds(C) � �elds(D).
Pro of By induction on the depth of the derivation of TT ` D<:C. Caseanalysisof the last rule in
the derivation.

� CaseS-Ref : Then D= Cand the result follows.
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� CaseS-Trans : Then TT ` D<:T and TT ` T<:C. By Lemma 6.1 we have that T is someclass
E. Then by induction we have �elds(C) � �elds(E), and by induction again we have �elds(E)
� �elds(D). Then by transitivit y of � the result follows.

� CaseS-CExt : Then TT(D) = class D extends C implements I f S g; ... g. By F-Cls
we have �elds(D) = T f , S g, so the result follows.

� CaseS-CImp: Then C is an interface, contradicting our initial assumption.

� CaseS-IExt : Then C is an interface, contradicting our initial assumption.
�

Lemma 6.3 If mtype(m,T) = S! S and allMethodNames(T) = m, then m2 m.
Pro of By induction on the depth of the derivation of mtype(m,T) = S! S. Caseanalysisof the last
rule in the derivation.

� Case MType-C1 . Then T is a class C and TT(C) =
class C extends D implements I f T f ; K Mg and S m(S x) when P f return t; g
2 M. Since allMethodNames(T) = m, by MNames-Cls we have mname(M) � m, and by
MName-Cls that meansm2 m.

� Case MType-C2 . Then T is a class C and TT(C) =
class C extends D implements I f T f ; K Mg and mtype(m,D) = S! S. By T-Class
we have that allMethodNames(D) = m0, so by induction we have m 2 m0. Then by
MNames-Cls also m2 m.

� CaseMType-I1 . Then T is an interface I and TT(I ) = interface I extends I f MHg and
S m(S x); 2 MH. SinceallMethodNames(T) = m, by MNames-Int we have mname(MH) � m,
and by MName-Int that meansm2 m.

� CaseMType-I2 . Then T is an interface I and TT(I ) = interface I extends I f MHg and
mtype(m,I i ) = S! S. By T-Int we have that allMethodNames(I i ) = m0, so by induction we
have m2 m0. Then by MNames-Int also m2 m.

�

Lemma 6.4 If TT ` S0<:S and mtype(m,S) = T! T, then mtype(m,S0) = T! T.
Pro of By induction on the depth of the derivation of TT ` S0<:S. Caseanalysis of the last rule
in the derivation.

� CaseS-Ref : Then S0 = S and the result follows.

� Case S-Trans : Then TT ` S0<:S0 and TT ` S0<:S. By induction we have mtype(m,S0) =
T! T, and by induction again we have mtype(m,S0) = T! T.

� Case S-CExt : Then S0 is a class C and S is a class D and TT(C) = class C extends D
implements I f� � �g. By T-Class we have allMethodNames(C) = mand allMethodNames(D)
= m0. Then by Lemma 6.3 we have m 2 m0, and by MNames-Cls also m 2 m. Then
by T-Class we have override(m,C), so by Over-Cls we have mtype(m; C) = S! S0 and
override(m; D; S! S0; x). Finally, by T-O verCls we have that T = S and T = S0, so the
result follows.
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� CaseS-CImp: Then S0 is a classCand S is an interface I i and TT(C) = class C extends D
implements I f� � �g. By T-Class we have allMethodNames(C) = m, and by T-Int we have
allMethodNames(I i ) = m0. Then by Lemma 6.3 we have m2 m0, and by MNames-Cls also m
2 m. Then by T-Class we have override(m,C), so by Over-Cls we have mtype(m; C) = S! S0

and override(m; I i ; S! S0). Finally, by T-O verInt we have that T = S and T = S0, so the
result follows.

� Case S-IExt : Then S0 is an interface I and S is an interface I i and TT(I ) =
interface I extends implements I f� � �g. By T-Int wehaveallMethodNames(I ) = mand
allMethodNames(I i ) = m0. Then by Lemma 6.3 we have m2 m0, and by MNames-Int also
m2 m. Then by T-Int we have override(m,I ), so by Over-Int we have mtype(m; I ) = S! S0

and override(m; I i ; S! S0). Finally, by T-O verInt we have that T = S and T = S0, so the
result follows.

�

Lemma 6.5 (Substitution) If � , x: T ` t : T and � ` s : S and TT ` S<: T, then � ` [ x 7! s]t : S
for someTT ` S<:T.
Pro of By induction on the depth of the derivation of � , x: T ` t : T. Caseanalysisof the last rule
in the derivation.

� CaseT-V ar : Then t has the form x and x:T 2 � , x: T. If x 62x then we have x:T 2 �, so
by T-V ar we have � ` x : T. Since x 62x, we have [x 7! s]x = x, and by S-Ref we know
TT ` T<:T, so the result follows. On the other hand, if x 2 x then x has the form x i and T =
Ti and [x 7! s]x = si . We're given that � ` si : Si and TT ` Si <:T i , so the result follows.

� Case T-Field : Then t has the form s.f i and T has the form Ui and � , x: T ` s : C and
�elds(C) = U f . By induction we have � ` [ x 7! s]s : C0 and TT ` C0<:C. By Lemma 6.2
we have �elds(C) � �elds(C0), so by T-Field also � ` [ x 7! s]s.f i : Ti , and by S-Ref we
have TT ` Ti <:T i .

� CaseT-Invk : Then t has the form t 0.m( t ) and � , x: T ` t 0 : T0 and mtype(m,T0) = U! T
and � , x: T ` t : U0 and TT ` U0<: U. By induction we have � ` [ x 7! s]t 0 : T0

0 and
TT ` T0

0<:T0. By Lemma 6.4 we have mtype(m,T0
0) = U! T. Also by induction we have

� ` [ x 7! s] t : U0
0 and TT ` U0

0<: U0. Then by S-Trans we have TT ` U0
0<: U. Soby T-Invk

we have � ` [ x 7! s]t 0.m( t ) : T, and by S-Ref we have TT ` T<:T.

� CaseT-New : Then t hasthe form new C(t ) and T = Cand �elds(C) = U f and � , x: T ` t : U0

and TT ` U0<: U. By induction we have � ` [ x 7! s] t : U0
0 and TT ` U0

0<: U0. Then by
S-Trans we have TT ` U0

0<: U. So by T-New we have � ` [ x 7! s]new C(t ) : C, and by
S-Ref we have TT ` C<:C.

� Case T-UCast : Then t has the form (T)t 0 and � , x: T ` t 0 : T0 and TT ` T0<:T. By
induction we have � ` [ x 7! s]t 0 : T0

0 and TT ` T0
0<:T0. By S-Trans also TT ` T0

0<:T, so
by T-UCast we have � ` [ x 7! s](T)t 0 : T. Finally, by S-Ref we have TT ` T<:T.

� CaseT-DCast : Then t has the form (T)t 0 and � , x: T ` t 0 : T0 and TT ` T<:T0 and T 6=
T0. By induction we have � ` [ x 7! s]t 0 : T0

0 and TT ` T0
0<:T0. If TT ` T0

0<:T, then by
T-UCast we have � ` [ x 7! s](T)t 0 : T. Otherwise if TT ` T<:T0

0, then by T-DCast we
have � ` [ x 7! s](T)t 0 : T. Otherwisewehave TT ` T0

06<:T and TT ` T6<:T 0
0, soby T-SCast

we have � ` [ x 7! s](T)t 0 : T and a stupid warning is generated. Finally, by S-Ref we
have TT ` T<:T.
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� Case T-SCast : Then t has the form (T)t 0 and � , x: T ` t 0 : T0 and TT ` T06<:T and
TT ` T6<:T0. By induction we have � ` [ x 7! s]t 0 : T0

0 and TT ` T0
0<:T0. If TT ` T0

0<:T,
then by T-UCast we have � ` [ x 7! s](T)t 0 : T. Otherwise if TT ` T<:T0

0, then by
S-Trans wehaveTT ` T<:T0, which contradicts the fact that TT ` T6<:T 0, soit is not possible
that TT ` T<:T0

0. Otherwise we have TT ` T0
06<:T and TT ` T6<:T 0

0, so by T-SCast we have
� ` [ x 7! s](T)t 0 : T. Finally, by S-Ref we have TT ` T<:T.

�

Lemma 6.6 (Weakening) If � ` t : T and x 62dom(�), then � ,x:S ` t : T.
Pro of By induction on the depth of the derivation of � ` t : T. Caseanalysis of the last rule in
the derivation.

� CaseT-V ar : Then t has the form y and y:T 2 �. Sincex 62dom(�), we have that x 6= y, so
also y:T 2 � ,x:S . Therefore by T-V ar we have � ,x:S ` y : T.

� CaseT-Field : Then t has the form s.f i and T has the form Ti and � ` s : C and �elds(C)
= T f . By induction we have � ,x:S ` s : C, so by T-Field also � ,x:S ` s.f i : Ti .

� CaseT-Invk : Then t has the form t 0.m( t ) and � ` t 0 : T0 and mtype(m,T0) = T! T and
� ` t : S and TT ` S<: T. By induction we have � ,x:S ` t 0 : T0 and � ,x:S ` t : S, so by
T-Invk also � ,x:S ` t 0.m( t ) : T.

� CaseT-New : Then t hasthe form new C(t ) and T = Cand �elds(C) = T f and � ` t : Sand
TT ` S<:T. By induction we have � ,x:S ` t : S, so by T-New also � ,x:S ` new C(t) : C.

� CaseT-UCast : Then t has the form (T)t 0 and � ` t 0 : T0 and TT ` T0<:T. By induction
we have � ,x:S ` t 0 : T0, so by T-UCast also � ,x:S ` (T)t 0 : T.

� CaseT-DCast : Then t has the form (T)t 0 and � ` t 0 : T0 and TT ` T<:T0 and T 6= T0. By
induction we have � ,x:S ` t 0 : T0, so by T-DCast also � ,x:S ` (T)t 0 : T.

� CaseT-SCast : Then t has the form (T)t 0 and � ` t 0 : T0 and TT ` T06<:T and TT ` T6<:T 0

and a stupid warning is generated. By induction we have � ,x:S ` t 0 : T0, so by T-SCast
also � ,x:S ` (T)t 0 : T.

�

Lemma 6.7 If mbody(m,C,D) = (x, t ) then there exist T and T such that mtype(m,C) = T! T.
Pro of By induction on the depth of the derivation of mbody(m,C,D) = (x, t ). Caseanalysis of the
last rule in the derivation.

� Case MBod y1: Then TT(C) = class C extends E implements I f S f; K Mg and
U m(U x) when P f return t; g 2 M, and the result follows by MType-C1 .

� Case MBod y2: Then TT(C) = class C extends E implements I f S f; K Mg and
U m(U x) when P f return t; g 2 M, and the result follows by MType-C1 .

� Case MBod y3: Then TT(C) = class C extends E implements I f S f ; K Mg and m is
not de�ned in Mand mbody(m,C,D) = mbody(m,E,D). By induction there exist T and T such
that mtype(m,E) = T! T, and the result follows by MType-C2 .

�
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Lemma 6.8 If mbody(m,C,D) = (x, t ) and mtype(m,C) = T! T, then there exists a classD and a
type S such that TT ` C<:Dand TT ` S<:T and x: T,this:D ` t : S.
Pro of By induction on the depth of the derivation of mbody(m,C,D) = (x, t ). Caseanalysis of the
last rule in the derivation.

� CaseMBod y1: Then t = t i and TT(C) = class C extends E implements I f S f; K Mg
and U m(U x) when P f return t; g 2 M. Sincemtype(m,C) = T! T, by MType-C1 we have
that U= T and U= T. By T-Class wehaveM OKin C, soby T-Meth wehavex: T,this:C `
t : S and TT ` S<:T. Finally, by S-Ref we have TT ` C<:C.

� Case MBod y2: Then TT(C) = class C extends E implements I f S f; K Mg and
U m(U x) when P f return t; g 2 M and mbody(m,C,D) = mbody(m,E,D). Since mtype(m,C)
= T! T, by MType-C1 we have that U= T and U= T. By Lemma 6.7 there exist T0 and T0

such that mtype(m,E) = T0! T0. By S-CExt we have TT ` C<:E, so by Lemma 6.4 we have
T0 = T and T0 = T. Therefore, by induction there exists a classD and a type S such that
TT ` E<:D and TT ` S<:T and x: T,this:D ` t : S. By S-Trans we have TT ` C<:D, so the
result follows.

� Case MBod y3: Then TT(C) = class C extends E implements I f S f ; K Mg and m is
not de�ned in Mand mbody(m,C,D) = mbody(m,E,D). Sincemtype(m,C) = T! T, by MType-C2
we have that mtype(m,E) = T! T as well. Therefore, by induction there exists a classDand a
type S such that TT ` E<:D and TT ` S<:T and x: T,this:D ` t : S. By S-Trans we have
TT ` C<:D, so the result follows.

�

Theorem 6.1 (Subject Reduction) If � ` t : T and t � ! s, then there exists sometype S such
that � ` s : S and TT ` S<:T.
Pro of By induction on the depth of the derivation of t � ! s. Caseanalysis of the last rule in
the derivation.

� CaseE-Pr ojNew : Then t hasthe form (new C(v)).f i and s hasthe form vi and �elds(C) =
T f . Since� ` t : T, by T-Field and T-New we have that � ` new C(v) : Cand � ` v i : Si

and TT ` Si <:T i and T = Ti , so the result follows.

� Case E-InvkNew : Then t has the form new C(v).m( u) and s has the form
[x 7! u,this 7! new C(v) ]t 0 and u = new D(: : :) and mbody(m,C,D) = (x, t 0). Since
� ` t : T, by T-Invk we have � ` new C(v) : S0 and mtype(m,S0) = T! T and � ` u : S
and TT ` S<:T. By T-New we have that S0 = C. Therefore by Lemma 6.8 there exists a
classD and a type U such that TT ` C<:D and TT ` U<:T and x: T,this:D ` t 0 : U. Then
by Lemma 6.5 we have that � ` [x 7! u,this 7! new C(v) ]t 0 : S, where TT ` S<:U. Then
by Lemma 6.6 also � ` [x 7! u,this 7! new C(v) ]t 0 : S. Finally, by S-Trans we have
TT ` S<:T.

� Case E-CastNew : Then t has the form (T 0)(new C(v)) and s has the form new C(v)
and TT ` C<:T0. There are three subcases,depending on the last rule in the derivation of
� ` t : T.

{ CaseT-UCast : Then � ` new C(v) : S0 and TT ` S0<:T0 and T = T0.
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{ CaseT-DCast : Then � ` new C(v) : S0 and TT ` T0<:S0 and T0 6= S0 and T = T0. Then
by T-New we have that S0 = C, but then TT ` T0<:C and T0 6= C, which contradicts the
fact that TT ` C<:T0 (by the assumption that the subtyping relation has no nontrivial
cycles). Therefore, T-DCast cannot be the last rule usedin the derivation.

{ CaseT-SCast : Then � ` new C(v) : S0 and TT ` S06<:T0 and TT ` T06<:S0 and T = T0.
Then by T-New we have that S0 = C, but then TT ` C6<:T 0, which contradicts the fact
that TT ` C<:T0. Therefore, T-SCast cannot be the last rule usedin the derivation.

� CaseE-Field : Then t has the form t 1.f and s has the form t 2.f and t 1 � ! t 2. Since
� ` t : T, by T-Field we have that f has the form f i and T has the form Ti and � ` t 1 : C
and �elds(C) = T f . By induction, there exists some type T0 such that � ` t 2 : T0 and
TT ` T0<:C. Then by Lemma 6.1 T0 is someclassD, and by Lemma 6.2 we have �elds(C) �
�elds(D). Then by T-Field we have � ` t 2.f : T and by S-Ref we have TT ` T<:T.

� CaseE-Invk-Recv : Then t hasthe form s1.m( t ) and s hasthe form s2.m( t ) and s1 � ! s2.
Since � ` t : T, by T-Invk we have � ` s1 : S0 and mtype(m,S0) = T! T and � ` t : S and
TT ` S<:T. By induction we have � ` s2 : S00and TT ` S00<:S0. Then by Lemma 6.4 we
have mtype(m,S00) = T! T. Then by T-Invk we have � ` s2.m( t ) : T and by S-Ref we have
TT ` T<:T.

� CaseE-Invk-Ar g: Then t has the form v.m( v,s 1, s0) and s has the form v.m( v,s 2, s0)
and s1 � ! s2. Since � ` t : T, by T-Invk we have � ` v : S0 and mtype(m,S0) = T! T and
v,s 1, s0 = t and � ` t : S and TT ` S<:T. Assume that s1 is the i th element of t . By
induction we have that � ` s2 : S0

i and TT ` S0
i <:S i . Then by S-Trans also TT ` S0

i <:T i , so
by T-Invk we have � ` v.m( v,s 2, s0) : T and by S-Ref we have TT ` T<:T.

� CaseE-New-Ar g: Then t hasthe form new C(v,s 1, s0) and s hasthe form new C(v,s 2, s0)
and s1 � ! s2. Since � ` t : T, by T-New we have �elds(C) = T f and v,s 1, s0 = t and
� ` t : S and TT ` S<:T and T = C. Assumethat s1 is the i th element of t . By induction we
have that � ` s2 : S0

i and TT ` S0
i <:S i . Then by S-Trans alsoTT ` S0

i <:T i , so by T-New we
have � ` new C(v,s 2, s0) : Cand by S-Ref we have TT ` C<:C.

� CaseE-Cast : Then t has the form (T 0)s 1 and s has the form (T 0)s 2 s1 � ! s2. There are
three subcases,depending on the last rule in the derivation of � ` t : T.

{ CaseT-UCast : Then � ` s1 : S0 and TT ` S0<:T0 and T = T0. By induction we have
� ` s2 : S0

0 and TT ` S0
0<:S0. Then by S-Trans also TT ` S0

0<:T0, so by T-UCast we
have � ` (T0)s 2 : T0 and by S-Ref we have TT ` T0<:T0.

{ CaseT-DCast : Then � ` s1 : S0 and TT ` T0<:S0 and T0 6= S0 and and T = T0. By
induction we have � ` s2 : S0

0 and TT ` S0
0<:S0. If TT ` S0

0<:T0 then by T-UCast
we have � ` (T0)s 2 : T0. Otherwise, if TT ` T0<:S0

0 then by T-DCast we have � `
(T0)s 2 : T0. Otherwise we have TT ` S0

06<:T0 and TT ` T06<:S0
0, so by T-SCast we have

� ` (T0)s 2 : T0 along with the generation of a stupid warning. Finally, by S-Ref we
have TT ` T0<:T0.

{ Case T-SCast : Then � ` s1 : S0 and TT ` S06<:T0 and TT ` T06<:S0 and a stupid
warning is generatedand T = T0. By induction we have � ` s2 : S0

0 and TT ` S0
0<:S0.

If TT ` S0
0<:T0 then by T-UCast we have � ` (T 0)s 2 : T0. Otherwise, if TT ` T0<:S0

0
then by S-Trans also TT ` T0<:S0, contradicting the fact that TT ` T06<:S0, so it is
not possiblethat TT ` T0<:S0

0. Otherwise we have TT ` S0
06<:T0 and TT ` T06<:S0

0, so by
T-SCast we have � ` (T 0)s 2 : T0. Finally, by S-Ref we have TT ` T0<:T0.
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�

6.2 Progress

De�nition 6.1 We say that a classCcovers D for mvia (P,P,x) if the following conditions hold:

1. TT(C) = class C � � � f� � � Mg

2. S m(S x) when P f� � �g 2 M

3. P 2 P

4. TT; x: D j= P

Lemma 6.9 TT � restrict(TT; P)
Pro of By Restrict restrict(TT; P) has the form ( T, TT( T)) , so the result follows.

�

Lemma 6.10 If TT; x: Dj=
W

P then there is someP 2 P such that TT; x: Dj= P.
Pro of By induction on the length of P.

� Casethe length of P is 0. Then P = � , so by de�nition
W

P is : true . SinceTT; x: Dj=
W

P,
by P-Not we have TT; x: D 6j= true . But by P-Tr ue also TT; x: D j= true , so we have a
contradiction. Therefore, the length of P cannot be 0.

� Casethe length of P is 1. Then P is somepredicate P, and also
W

P is P. SinceTT; x: Dj=
W

P,
we have TT; x: Dj= P, so the result follows.

� Casethe length of P is someinteger d > 1. Then P can be expressedas Q,Qwhere Qis non-
empty, and

W
P can be expressedas Q_

W
Q. SinceTT; x: Dj=

W
P, by P-Or1 and P-Or2

we have that either TT; x: D j= Q or TT; x: D j=
W

Q. If the former, then the result follows
with P = Q. If the latter, then by induction there is someP 2 Qsuch that TT; x: Dj= P. Then
also P 2 P, so the result follows.

�

Lemma 6.11 If mpreds(m,C) = Qand P 2 Q, then there exists a classD such that TT ` C<:D and
TT(D) = class D � � � f� � � Mg and S m(S y) when P f� � �g 2 Mand P 2 P.
Pro of By induction on the depth of the derivation of mpreds(m,C) = Q. Caseanalysis of the last
rule used in the derivation.

� CaseMPreds1 . Then Q= � , contradicting the fact that P 2 Q, so MPreds1 cannot be the
last rule in the derivation.

� CaseMPreds2 . Then Q= Q1, Q2. SinceP 2 Q, there are two subcases.

{ Case P 2 Q1. By MPreds2 we have TT(C) = class C � � � f� � � Mg and
S m(S y) when Q1 f� � �g 2 M. Finally, by S-Ref we have TT ` C<:C. Therefore the
result follows.

{ Case P 2 Q2. By MPreds2 we have TT(C) = class C extends E � � � f� � �g and
mpreds(m,E) = Q2. By induction there exists a classD such that TT ` E<:D and TT(D)
= class D � � � f� � � Mg and S m(S y) when P f� � �g 2 Mand P 2 P. Since TT(C) =
class C extends E � � � f� � �g, by S-CExt we have TT ` C<:E. Then by S-Trans also
TT ` C<:D, so the result follows.
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�

Lemma 6.12 If mformals(m,C) = x and allMethodNames(C) = m, then m2 m.
Pro of By induction on the depth of the derivation of mformals(m,C) = x. Caseanalysisof the last
rule in the derivation.

� Case MF ormals1 . Then TT(C) = class C extends D implements I f T f; K Mg and
S m(S x) when P f return t; g 2 M. Since allMethodNames(C) = m, by MNames-Cls we
have mname(M) � m, and by MName-Cls that meansm2 m.

� Case MF ormals2 . Then TT(C) = class C extends D implements I f T f; K Mg and
mformals(m,D) = x. By T-Class we have that allMethodNames(D) = m0, so by induction we
have m2 m0. Then by MNames-Cls also m2 m.

�

Lemma 6.13 If TT ` C<:Dand mformals(m,D) = x, then mformals(m,C) = x.
Pro of By induction on the depth of the derivation of TT ` C<:D. Caseanalysisof the last rule in
the derivation.

� CaseS-Ref . Then C= D, so the result follows.

� CaseS-Trans . Then TT ` C<:T and TT ` T<:D. Then by Lemma 6.1 T is someclass C0.
Then by induction wehave mformals(m,C0) = x, and by induction againwehavemformals(m,C)
= x.

� Case S-CExt . Then TT(C) = class C extends D implements I f T f; K Mg. Since
mformals(m,D) = x, if mis not de�ned in Mthen by M-F ormals2 also mformals(m,C) = x, so
the result follows. Otherwise mis de�ned in M, so by M-F ormals1 there exists somey such
that mformals(m,C) = y. By T-Class we have allMethodNames(C) = m, so by Lemma 6.12
we have m2 m. Then also by T-Class we have override(m,C), so by Over-Cls we have
override(m; D; S! S; y). Finally, by T-O verCls we have that x = y, so the result follows.

�

Lemma 6.14 If mtype(m,C) = T! T, then there exists x of the same length as T such that
mformals(m,C) = x.
Pro of By induction on the depth of the derivation of mtype(m,C) = T! T. Caseanalysisof the last
rule in the derivation.

� Case MType-C1 . Then TT(C) = class C extends D implements I f T f ; K Mg and
S m(S x) when P f return t; g 2 M. Then the result follows by MF ormals1 .

� CaseMType-C2 . Then TT(C) = class C extends D implements I f T f; K Mg and mis
not de�ned in Mand mtype(m,D) = T! T. By induction there exists x of the samelength as T
such that mformals(m,D) = x, and the result follows by MF ormals2 .

�

Lemma 6.15 (Exhaustiveness)If mtype(m,C) = T! T and mformals(m,C) = x and D has the same
length as x and D� dom(TT), then there exist D, P, and P such that TT ` C<:Dand Dcovers Dfor
mvia (P,P,x).
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Pro of Since mtype(m,C) = T! T, by MType-C1 and MType-C2 we have that C 2 dom(TT).
Then by T-Class we have allMethodNames(C) = mand exhaustive(m,C). By Lemma 6.3 we have
m 2 m, so by T-Exha ust we have mpreds(m,C) = Q and x j=

W
Q. By Lemma 6.9 we know

TT � restrict(TT;
W

Q), and we are given that D� dom(TT), soby Valid we have TT; x: Dj=
W

Q.
Then by Lemma 6.10there is someP 2 Qsuch that TT; x: Dj= P. Then by Lemma 6.11there exists
a classD such that TT ` C<:D and TT(D) = class D � � � f� � � Mg and S m(S y) when P f� � �g 2
Mand P 2 P. Then by MF ormals1 we have mformals(m,D) = y, and by Lemma 6.13 we have x =
y. Finally, by De�nition 6.1 we have shown that Dcovers D for mvia (P,P,x).

�

Lemma 6.16 TT 0; � j= P ) P
Pro of By de�nition of ) we must prove that TT 0; � j= : P _ P. We have two subcases.

� CaseTT 0; � j= P. Then the result follows by P-Or2 .

� CaseTT 0; � 6j= P. Then by P-Not also TT 0; � j= : P, and the result follows by P-Or1 .
�

Lemma 6.17 If TT 0; � j= P ) Qand TT 0; � j= Q) R, then TT 0; � j= P ) R.
Pro of By de�nition of ) we have TT 0; � j= : P _ Qand TT 0; � j= : Q_ R, and we must prove that
TT0; � j= : P _ R. SinceTT 0; � j= : P _ Q, by P-Or1 and P-Or2 we have two subcases.

� CaseTT 0; � j= : P. Then by P-Or1 also TT 0; � j= : P _ R.

� CaseTT 0; � j= Q. SinceTT 0; � j= : Q_ R, by P-Or1 and P-Or2 we have two subcases.

{ CaseTT 0; � j= : Q. Then by P-Not also TT 0; � 6j= Q, so we have a contradiction.

{ CaseTT 0; � j= R. Then by P-Or2 also TT 0; � j= : P _ R.
�

Lemma 6.18 If P� xQand Q� xR, then P� xR.
Pro of By MoreSpecific we have x j= P) Qand x j= Q) R. Then by Valid we have that for all
TT0 � restrict(TT; P), for all D � dom(TT 0) of the samelength as x, TT 0; x: D j= P) Q. Similarly,
for all TT 0 � restrict(TT; P), for all D � dom(TT 0) of the same length as x, TT 0; x: D j= Q) R.
Consider some TT 0 � restrict(TT; P) and D � dom(TT 0) of the same length as x. So we have
TT0; x: D j= P) Q and TT 0; x: D j= Q) R. Then by Lemma 6.17 also TT 0; x: D j= P) R. Therefore
we have shown that for all TT 0 � restrict(TT; P), for all D � dom(TT 0) of the samelength as x,
TT0; x: Dj= P) R, so by Valid we have x j= P) R. Finally, the result follows by MoreSpecific .

�

Lemma 6.19 (Unambiguity) If D � dom(TT) and Dcovers D for mvia (P,P,x) then there exists Q
2 P such that TT; x: D j= Qand overridesIfApplicable(Q,P,x,D).
Pro of By De�nition 6.1 we have TT(D) = class D � � � f� � � Mg and S m(S x) when P f� � �g 2 M
and P 2 P and TT; x: D j= P. We prove this lemma by induction on the number of predicatesP0 2
P such that TT; x: D j= P0 and P6�xP0.

� Case there are zero such predicates. By Lemma 6.16 we have TT 0; � j= P ) P for all TT 0

and �. Then by Valid we have x j= P ) P, so by MoreSpecific also P� xP. Therefore by
de�nition of � also P6�xP. SinceTT; x: D j= P, we have found a Q, namely P itself, such that
TT; x: D j= Qand P6�xQ. Therefore we have a contradiction.
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� Case there is one such predicate. As shown above P is such a predicate, so it must be
the only one. Therefore, for each other predicate P0 2 P, it must be the casethat either
TT; x: D 6j= P0 or P� xP0. Therefore by OverApp we have overridesIfApplicable(P,P0,x,D).
Since P := P, by OverApp also overridesIfApplicable(P,P,x,D). So we have shown that
overridesIfApplicable(P,P,x,D). Therefore the result follows with P = Q.

� Casethere are i > 1 such predicates. Then there exists a predicate Rsuch that R6:= P and TT;
x: Dj= Rand P6�xR. By de�nition of � we have that either P6�xRor R� xP, so there are a few
subcases.

{ CaseP� xRand R� xP. By T-Class and T-Meth wehave unambiguous(P,R,x,P). There-
fore by Unamb we have P := R. We saw above that R6:= P, so we have a contradiction.

{ CaseP6�xR. By T-Class and T-Meth we have unambiguous(P,R,x,P). Therefore by
Unamb we have Q = [Q j Q 2 P and Q � x P and Q � x R] and x j= (P^ R))

W
Q. By

Lemma 6.9 we have TT � restrict(TT; P), soby Valid we have TT; x: Dj= (P^ R))
W

Q.
By the de�nition of ) we have TT; x: D j= : (P^ R)_

W
Q. By P-Or1 and P-Or2 this

meansthat either TT; x: Dj= : (P^ R) or TT; x: Dj=
W

Q. If the former, then by P-Not
we have TT; x: D 6j= P̂ R, and by P-And this meansthat either TT; x: D 6j= P or TT;
x: D 6j= R. But we've already shown that TT; x: D j= P and TT; x: D j= R, so we have a
contradiction.
Therefore, it must be the casethat TT; x: D j=

W
Q, and by Lemma 6.10 there is some

P0 2 Qsuch that TT; x: Dj= P0. By De�nition 6.1 we have Dcovers D for mvia (P0,P,x),
so the result follows by induction if we can show that the number j of predicatesP0 2 P
such that TT; x: Dj= P0and P06�xP0 is smaller than i . First we show that j � i . Consider
someP0 2 P such that TT; x: D j= P0 and P06�xP0. Then we will show that also P6�xP0.
Supposenot, so P� xP0. Therefore P� xP0 and P06�xP. SinceP0 2 Q, we have P0� xP, and
since P� xP0, by Lemma 6.18 we have P0� xP0. Also, since P0� xP and P06�xP then we
have P06�xP0 (since if P0� xP0 then by Lemma 6.18alsoP0� xP, which is a contradiction).
Therefore we have P0� xP0 and P06�xP0, so P0� xP0, and we have a contradiction.
As shown above, every predicate of the appropriate form for P0 is alsoof the appropriate
form for P. To end the proof, we show that conversedoesnot hold. We saw earlier that
TT; x: D j= P, and as argued in the �rst caseof the proof, we have P6�xP. Therefore, P
is one of the predicates of the appropriate form for P. We're done if we can show that
P0� xP, sincethis meansthat Pis not oneof the predicatesof the appropriate form for P0.
SinceP 2 Q, we have P0� xP and P0� xR. We assumedabove that P6�xR, so also P6�xP0

(since if P� xP0 then by Lemma 6.18 also P� xR, which is a contradiction). Therefore we
have shown that P0� xP and P6�xP0, so P0� xP.

�

Lemma 6.20 If C2 dom(TT) and TT ` C<:Dand D� dom(TT) and Dcovers Dfor mvia (P,P,x),
then there exists t such that mbody(m,C,D) = (x, t ).
Pro of We prove this lemma by induction on the number of classesE such that TT ` C<:E and
TT ` E<:D.

� Casethere are zerosuch classes.By S-Ref we have TT ` C<:C, and we are given TT ` C<:D,
so C is such a classand we have a contradiction.

� Casethere is one such class. Sinceby S-Ref we have TT ` C<:C and TT ` D<:D, and since
we are given TT ` C<:D, we know that both C and D are such classes.Therefore it must be
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the casethat C = D. Since D covers D for mvia (P,P,x), by De�nition 6.1 we have TT(C) =
class C � � � f� � � Mg and S m(S x) when P f� � �g 2 Mand P 2 P and TT; x: D j= P. Also,
by Lemma 6.19 there exists Q2 P such that TT; x: D j= Qand overridesIfApplicable(Q,P,x,D).
Then the result follows by MBod y1.

� Casethere are i > 1 such classes.Then there is someE such that E 6= Cand TT ` C<:E and
TT ` E<:D. Therefore also C 6= D, or elsewe would have a nontrivial cycle in the subtyping
relation. There are two subcases.

{ Casethere exist P0 and P0 such that CcoversDfor mvia (P0,P0,x). Then by De�nition 6.1
we have TT(C) = class C � � � f� � � Mg and S m(S x) when P0 f� � �g 2 Mand P0 2 P0

and TT; x: D j= P0. Also, by Lemma 6.19 there exists Q2 P0 such that TT; x: D j= Q
and overridesIfApplicable(Q,P0,x,D). Then the result follows by MBod y1.

{ Casethere does not exist P0 and P0 such that C covers D for mvia (P0,P0,x). SinceC 2
dom(TT), we have that TT(C) = class C extends C0 � � � f� � � Mg. Since C 6= D and
TT ` C<:D, it must be the case that TT ` C0<:D as well. Further, there are strictly
fewer than i classesE such that TT ` C0<:E and TT ` E<:D. Therefore by induction
there exists t such that mbody(m,C0,D) = (x, t ). Since there does not exist P0 and P0

such that Ccovers D for mvia (P0,P0,x), by De�nition 6.1, there are several subcases.

� C62dom(TT). But we are given that C2 dom(TT), so we have a contradiction.
� TT(C) = class C extends C0 � � � f� � � Mg but m is not de�ned in M. Then the

result follows by MBod y3.
� TT(C) = class C extends C0 � � � f� � � Mg and S m(S x) when P f� � �g 2 M, but

there is no Pi such that TT; x: Dj= Pi . Then the result follows by MBod y2.
�

Theorem 6.2 (Progress) If � ` t : T, then either t is a value, t contains a subexpressionof the
form (U)(new C(u)) where TT ` C6<:U, or there exists someterm s such that t � ! s.
Pro of By induction on the depth of the derivation of � ` t : T. Caseanalysis of the last rule in
the derivation.

� CaseT-V ar : Then t hasthe form x and x:T 2 � , which is a contradiction. Therefore,T-V ar
cannot be the last rule in the derivation.

� CaseT-Field : Then t hasthe form t 0.f i and T hasthe form Ti and � ` t 0 : C0 and �elds(C0)
= T f . By induction, there are three subcases.

{ Caset 0 is a value. Then t 0 has the form new D0( v) . Since� ` t 0 : C0, by T-New D0 is
C0 and v has the samelength as f . Then by E-Pr ojNew we have t 0.f i � ! vi .

{ Caset 0 contains a subexpressionof the form (U)(new C(u)) where TT ` C6<:U. Then
also t contains a subexpressionof the form (U)(new C(u)) where TT ` C6<:U.

{ Casethere existssometerm s0 such that t 0 � ! s0. Then by E-Field wehave t 0.f i � !
s0.f i .

� CaseT-Invk : Then t has the form t 0.m( t ) and � ` t 0 : T0 and mtype(m,T0) = T! T and
� ` t : S and TT ` S<:T. By induction, there are three subcases.

{ Caset 0 is a value. Then t 0 has the form new C0( v) . Since� ` t 0 : T0, by T-New T0 is
C0. By induction, there are three subcases.
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� Caseall terms in t are values. Then t has the form new D( : : :) , and by the sanity
conditions we know that D � dom(TT). Sincemtype(m,C0) = T! T, by Lemma 6.14
there exists x of the samelength as T such that mformals(m,C0) = x. Therefore, x
also has the samelength as D. Then by Lemma 6.15 there exist D, P, and P such
that TT ` C0<:D and Dcovers Dfor mvia (P,P,x). Also sincemtype(m,C0) = T! T, by
MType-C1 and MType-C2 we have C0 2 dom(TT). Then by Lemma 6.20 there
exists a term s0 such that mbody(m,C0,D) = (x, s0). Then by E-InvkNew we have
t 0.m( t ) � ! [x 7! t ; this 7! new C0( v) ]s0.

� Casesome term in t contains a subexpressionof the form (U)(new C(u)) where
TT ` C6<:U. Then also t contains a subexpressionof the form (U)(new C(u)) where
TT ` C6<:U.

� Case no term in t contains a subexpressionof the form (U)(new C(u)) where
TT ` C6<:U. Further, there is some t i 2 t for which there exists a term s i such
that t i � ! si . Further, all t j such that 1 � j < i are values. Then by E-Invk-Ar g
we have t 0.m( t ) � ! t 0.m(t 1, : : :,t i � 1,s i ,t i +1 , : : :,t n) .

{ Caset 0 contains a subexpressionof the form (U)(new C(u)) where TT ` C6<:U. Then
also t contains a subexpressionof the form (U)(new C(u)) where TT ` C6<:U.

{ Casethere exists someterm s0 such that t 0 � ! s0. Then by E-Invk-Recv we have
t 0.m( t ) � ! s0.m( t ) .

� CaseT-New : Then t has the form new C0( t) and T is C0 and �elds(C0) = T f and � ` t : S
and TT ` S<:T. By induction, there are three subcases.

{ Caseall terms in t are values. Then also t is a value.

{ Case some term in t contains a subexpression of the form (U)(new C(u)) where
TT ` C6<:U. Then also t contains a subexpressionof the form (U)(new C(u)) where
TT ` C6<:U.

{ Caseno term in t contains a subexpressionof the form (U)(new C(u)) whereTT ` C6<:U.
Further, there is somet i 2 t for which there existsa term s i such that t i � ! si . Further,
all t j such that 1 � j < i are values. Then by E-New-Ar g we have new C0( t ) � !
new C0(t 1, : : :,t i � 1,s i ,t i +1 , : : :,t n) .

� CaseT-UCast : Then t has the form (T)t 0 and � ` t 0 : S and TT ` S<:T. By induction,
there are three subcases.

{ Caset 0 is a value. Then t 0 has the form new C0( v) and by T-New S is C0. Then by
E-CastNew we have (T)t 0 � ! t 0.

{ Caset 0 contains a subexpressionof the form (U)(new C(u)) where TT ` C6<:U. Then
also t contains a subexpressionof the form (U)(new C(u)) where TT ` C6<:U.

{ Casethere existssometerm s0 such that t 0 � ! s0. Then by E-Cast wehave (T)t 0 � !
(T)s 0.

� CaseT-DCast : Then t has the form (T)t 0 and � ` t 0 : S and TT ` T<:S and T 6= S. By
induction, there are three subcases.

{ Caset 0 is a value. Then t 0 hasthe form new C0( v) and by T-New Sis C0. If TT ` C0<:T
then by E-CastNew we have (T)t 0 � ! t 0. Otherwise TT ` C06<:T, so t contains a
subexpressionof the form (U)(new C(u)) where TT ` C6<:U.
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{ Caset 0 contains a subexpressionof the form (U)(new C(u)) where TT ` C6<:U. Then
also t contains a subexpressionof the form (U)(new C(u)) where TT ` C6<:U.

{ Casethere existssometerm s0 such that t 0 � ! s0. Then by E-Cast wehave (T)t 0 � !
(T)s 0.

� CaseT-SCast : Then t has the form (T)t 0 and � ` t 0 : S and TT ` S6<:T and TT ` T6<:S
and a stupid warning is generated. By induction, there are three subcases.

{ Caset 0 is a value. Then t 0 has the form new C0( v) and by T-New S is C0. Then t
contains a subexpressionof the form (U)(new C(u)) where TT ` C6<:U.

{ Caset 0 contains a subexpressionof the form (U)(new C(u)) where TT ` C6<:U. Then
also t contains a subexpressionof the form (U)(new C(u)) where TT ` C6<:U.

{ Casethere existssometerm s0 such that t 0 � ! s0. Then by E-Cast wehave (T)t 0 � !
(T)s 0.

�
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